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Abstract: Local asymptotic stability analysis is conducted for an initial-boundary-value problem of a
Korteweg—de Vries equation posed on a finite interval [0, 271/7/3]. The equation comes with a Dirichlet
boundary condition at the left end-point and both the Dirichlet and Neumann homogeneous boundary
conditions at the right end-point. It is known that the associated linearized equation around the origin is
not asymptotically stable. In this paper, the nonlinear Korteweg—de Vries equation is proved to be locally
asymptotically stable around the origin through the center manifold method. In particular, the existence of
a two-dimensional local center manifold is presented, which is locally exponentially attractive. Analyzing
the Korteweg—de Vries equation restricted on the local center manifold, we obtain a polynomial decay rate
of the solution.
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1 Introduction

The Korteweg—de Vries (KdV) equation

Vet Yx+YYx+Yxox =0

was first derived by Boussinesq in [2, (283 bis)] and by Korteweg and de Vries in [14], for describing the
propagation of small amplitude long water waves in a uniform channel. This equation is now commonly
used to model unidirectional propagation of small amplitude long waves in nonlinear dispersive systems. An
excellent reference to help understand both physical motivation and deduction of the KdV equation is the
book by Whitham [22].
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2 —— S.Tangetal., Asymptotic stability of a Korteweg—de Vries equation DE GRUYTER

Rosier studied in [20] the following nonlinear Neumann boundary control problem for the KdV equation
with homogeneous Dirichlet boundary conditions, posed on a finite spatial interval:

Yt"'J’x"'Y)’x"‘J’xxx:O, tE(0,00), XE(O,L),
y(ta 0) = )/(t,L) =0, }/x(t, L) = u(t)’ te (O: OO)’ (1-1)
¥(0,x) =yo(x), xe€(0,L),

where L > 0, the state is y(¢,-) : [0, L] — R, and u(t) € R denotes the controller. The equation comes with
one boundary condition at the left end-point and two boundary conditions at the right end-point. Rosier
first considered the first-order power series expansion of (y, u) around the origin, which gives the following
corresponding linearized control system:

Yt"'J’x"’J/xxx:O; tE(0,00), XE(O’L)y
y(ta 0) =)/(t,L) =0, yx(t’L) = u(t)’ te (O; OO)’ (1-2)
¥(0,x) =yo(x), xe€(0,L).

By means of multiplier technique and the Hilbert uniqueness method (HUM) [15], Rosier proved that (1.2) is
exactly controllable if and only if the length of the spatial domain is not critical, i.e., L ¢ N, where N denotes
the following set of critical lengths:
2124l

N := {27‘[\/”7”; j,le lN*}. (1.3)
Then, by employing the Banach fixed point theorem, he derived that the nonlinear KdV control system (1.1)
is locally exactly controllable around O provided that L ¢ N. In the cases with critical lengths L € N, Rosier
demonstrated in [20] that there exists a finite dimensional subspace M of L%(0, L) which is unreachable
for the linear system (1.2) when starting from the origin. In [8], Coron and Crépeau treated a critical case
of L = 2kn (i.e., taking j = | = k in N), where k is a positive integer such that (see [7, Theorem 8.1 and Re-

mark 8.2])
(2 +12+jl=3k*andj,le N*) = j=1=k. (1.4)

Here, the uncontrollable subspace M for the linear system (1.2) is one-dimensional. However, through a third-
order power series expansion of the solution, they showed that the nonlinear term yy, always allows to “go”
in small time into the two directions missed by the linearized control system (1.2), and then, using a fixed
point theorem, they deduced the small-time local exact controllability around the origin of the nonlinear
control system (1.1). In [4], Cerpa studied the critical case of L € N’, where

N = {271\]12”3&; j, 1e N* satisfying j > land j? + jl + 1> #+ m? + mn + n® forall m, n e N* \U‘}}. (1.5)
In this case, the uncontrollable subspace M for the linear system (1.2) is of dimension 2, and Cerpa used a
second-order expansion of the solution to the nonlinear control system (1.1) to prove the local exact con-
trollability in large time around the origin of the nonlinear control system (1.1) (the local controllability in
small time for this length L is still an open problem). Furthermore, Cerpa and Crépeau considered in [5] the
cases when the dimension of M for the linear system (1.2) is higher than 2. They implemented a second-order
expansion of the solution to (1.1) for the critical lengths L # 2k for any k € N*, and implemented an expan-
sion to the third order if L = 2k for some k € IN*. They showed that the nonlinear term yy, always allows
to “go” into all the directions missed by the linearized control system (1.2) and then proved the local exact
controllability in large time around the origin of the nonlinear control system (1.1).

Consider the case when there is no control, i.e., u = 0, in (1.1), which gives the following initial-boundary-
value KdV problem posed on a finite interval [0, L]:

yt+YX+)/xxx+Y)/x=0, te(oyoo)’ XE(O,L),
y(t’ 0) = Y(t, L) = 0, yX(t, L) = O’ te (09 00), (1-6)
¥(0,x) =yo(x), x€(0,L),
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where the boundary conditions are homogeneous. For the Lyapunov function

L
1 1
B0 = 3 M ) = 5 [ Y600 )
0
we have
L L 1
E(t) = - [ Yx +YYx + Yaoo)dx = jYXYXde = -5yt 0)<0. (1.8)
0 0

Thus, 0 € L?(0, L) is stable (see (P;) below for the definition of stable) for the KdV equation (1.6). Moreover, it
has been proved in [18] that, if L ¢ N, then 0 is exponentially stable for the corresponding linearized equation
around the origin:

Ye+Yx+Yox =0, te(0,00), x¢€(0,L),

y(t,0) =y(t,L) =0, yx(t,L)=0, te(0,o00), (1.9)

y(0,x) =yo(x), x¢€(0,L),

which gives the local asymptotic stability around the origin for the nonlinear equation (1.6). However, when
L € N, Rosier pointed out in [20] that equation (1.9) is not asymptotically stable. Inspired by the fact that the
nonlinear term yy, introduces the local exact controllability around the origin into the KdV control system
(1.1) with L € N, we would like to discuss whether the nonlinear term yy, could introduce local asymptotic
stability around the origin for (1.6).

This paper is devoted to investigating the local asymptotic stability of 0 € L?(0, L) for (1.6) with the

critical length
L=2n\7/3,

corresponding to j = 1 and [ = 2 in (1.3). Let us recall that this local asymptotic stability means that the fol-
lowing two properties are satisfied.
(P1) Stability: for every € > 0, there exists = n(e) > 0 such that |lyollz2(0,z) < 1 implies

ly(t, Mizo,) <€ forallt>0.

(P2) (Local) attractivity: there exists €9 > 0 such that [lyoll2(0,1) < €0 implies
lim |ly(t, )lz20,1) = O.
t—+00

As mentioned above, the stability property (P;) is implied by (1.8). Our main concern is thus the local
attractivity property (P,). We prove the following theorem, where the precise definition of a solution to (1.6)
is given in Definition 2.7, and the precise definition of the finite dimensional vector space M ¢ L%(0, L) when
L = 2m+/7/3 is given in (2.8).

Theorem 1.1. Consider the KdV equation (1.6) with L = 271+/7/3. There exist § > 0, K > 0, w > 0 and a map
g: M — M*, where M* c L?(0, L) is the orthogonal of M for the L?-scalar product, satisfying

g e CC(M;Mb), (1.10)
g(0)=0, g'(0)=0, (1.11)

such that, with
G :={m+g(m); me M} c L*(0, L), (1.12)

the following three properties hold for every solution y to (1.6) with |lyoll12(0,1) < 6:
(i) Local exponential attractivity of G:

dy(t, "), G) < Ke™®'d(yo, G) forallt>O0, (1.13)
where d(x, G) denotes the distance between y € L?(0, L) and G:
d(x, G) :=inf{llx - Ylr20,0); ¥ € G}.
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4 =— S Tang et al.,, Asymptotic stability of a Korteweg—de Vries equation DE GRUYTER

(ii) Local invariance of G: If yo € G, then y(t,-) € G forall t > 0.
(iii) If yo € G, then there exists C > O such that

Cllyollz2(0,1)

\ 1+ t||Y0||i2(0’L)

In particular, 0 € L?(0, L) is locally asymptotically stable in the sense of the L%(0, L)-norm for (1.6).

ly(t, 20,1y < forallt > 0. (1.14)

Remark 1.2. It can be derived from [9, Theorem 1 and comments] that, for every L > 0, there are nonzero
stationary solutions with the period of L to the following ordinary differential equation (ODE):

fl+ff+f"=0 inJo,L],
fl0)=f(L) =0,
FI(L) = 0.

That is, besides the origin, there also exist other steady states of the nonlinear KdV equation (1.6). Therefore,
0 € L?(0, L) is not globally asymptotically stable for (1.6): Property (?,) does not hold for arbitrary o > 0.

Our proof of Theorem 1.1 relies on the center manifold approach. This center manifold is G in Theorem 1.1.
Center manifold theory plays an important role in studying dynamic properties of nonlinear systems near
“critical situations”. The center manifold theorem was first proved for finite dimensional systems by Pliss
[19] and Kelley [12], and the readers could refer to [13, 17] for more details of this theory. Analogous results
are also established for infinite dimensional systems, such as partial differential equations (PDEs) [1, 3] and
functional differential equations [10]. The center manifold method usually leads to a dimension reduction of
the original problems. Then, in order to derive stability properties (asymptotic stability or unstability) of the
full nonlinear equations, one only needs to analyze the reduced equation (restricted on the center manifold).
When dealing with the infinite dimensional problems, this method can be extremely efficient if the center
manifold is finite dimensional. Following the results on existence, smoothness and attractivity of a center
manifold for evolution equations in [21], Chu, Coron and Shang studied in [6] the local asymptotic stability
property of (1.6) with the critical length L = 2k for any positive integer k such that (1.4) holds. They proved
the existence of a one-dimensional local center manifold. By analyzing the resulting one-dimensional re-
duced equation, they obtained the local asymptotic stability of O for (1.6). For L = 2r+/7/3, we get, following
[6], the existence of a two-dimensional local center manifold. It is predictable that the two-dimensional local
center manifold introduces more complexity than the one-dimensional local center manifold case.

The organization of this paper is as follows. In Section 2, some basic properties of the linearized KdV
equation (1.9) and the KdV equation (1.6) are given. Then, in Section 3, we recall a theorem on the existence
of a local center manifold for the KdV equation (1.6) and analyze the dynamics on the local center manifold.
Theorem 1.1 follows from this analysis. In Section 4, we present the conclusion and some possible future
works. We end this article with Appendix A containing computations which are important for the study of
the dynamics on the center manifold.

2 Preliminaries

2.1 Some properties for the linearized equation of (1.6) around the origin

The origin y = 0 is an equilibrium of the initial-boundary-value nonlinear KdV problem (1.6). In this sub-
section, we derive some properties for the linearized KdV equation (1.9) around the origin of (1.6) posed on
the finite interval [0, L], where L = 2711/7/3 € N’, for which there exists a unique pair {j = 2, I = 1} satisfying
(1.5).

Let A : D(A) c L?(0, L) — L?(0, L) be the linear operator defined by

] m
Ap :=-¢' - ",
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with
D(A) :={p € H*(0,L); (0) = ¢(L) = ¢'(L) = 0} c L*(0, L).

Then the linearized equation (1.9) can be written as an evolution equation in L2(0, L):

dt

The following lemma can be immediately obtained.

= -A)/(t, ')'

Lemma 2.1. A1 exists and is compact on L?(0, L). Hence, o(A), the spectrum of A, consists of isolated eigen-
values only: 0(A) = 0,(A), where o, (A) denotes the set of eigenvalues of A.

Proof. By calculation, we get
Alp =1y forallp e L?(0,L),
with

L
1-cos(x—-1L)

L
Y= T J(l —cosy)p(y)dy + I(l - cos(x - y))p(y)dy.
0 X

Hence we get the existence of A~! and that, by the Sobolev embedding theorem, this operator is compact on
L%(0, L). Therefore, o(A), the spectrum of A, consists of isolated eigenvalues only. O

The following proposition is proved.

Proposition 2.2 ([20, Proposition 3.1]). A generates a Cy-semigroup of contractions {S(t)}s=0 on L>(0, L), that
is, for any given initial data yo € L?(0, L), S(t)yo is the mild solution of the linearized equation (1.9), and

1S()yollz20,r) < lyolrzco,zy forallt = 0.
Moreover, Re(A) < O for every A € a(A).

If Re(A) < O for all A € o(A), then it follows directly from the ABLP theorem (Arendt—Batty—Lyubich—Phong)
[16] that the semigroup S(¢) is asymptotically stable on L2(0, L). Since we only have Re(A) < O forall A € o(A),
the main concern needs to be put on the eigenvalues on the imaginary axis and their corresponding eigen-
functions. Following the proofs of [6, Lemma 2.6] and [20, Lemma 3.5] yields the next lemma.

Lemma 2.3. There exists a unique pair of conjugate eigenvalues of A on the imaginary axis, that is,

20
o Anile{/lzJ_ri; - }
»(A) ¢ 9= 5

Moreover, the corresponding eigenfunctions of A with respect to A = +iq are

@ = C(p1 Fip2),

respectively, where C is an arbitrary constant, and @1, ¢, are two nonzero real-valued functions:

p1(x) = @(cos(%x) -3 cos(%x) +2 cos(\/%x)), (2.1)
Pa2(x) = G)(— sin(%x) -3 sin(%x) +2 sin(\/%x)), (2.2)

with L
0 := — 3/7. 2.3)

Remark 2.4. The equations satisfied by ¢; and ¢, are

n

(pll + (pl = _q(PZ,
©1(0) = ¢1(L) =0, (2.4)
91(0) = ¢ (L) =0,
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and
n

95+ 93 =qo1,
$2(0) = ¢2(L) = O, (2.5)
95(0) = 5(L) = 0.

Remark 2.5. We have

L
J P1(X)P2(x)dx =0, (2.6)
0

and, with the definition of © given in (2.3),

loilizo,r) = l@2lr200,1) = 1. (2.7)

From the results in Lemma 2.1, Proposition 2.2 and Lemma 2.3, we obtain the following corollary.

Corollary 2.6. A = +i 5 12\(/% is the unique eigenvalue pair of A on the imaginary axis, and all the other eigenval-

ues of A have negative real parts which are uniformly bounded away from the imaginary axis, i.e., there exists
r > 0 such that any of the nonzero eigenvalues of A has a real part which is less than —r.

Let us define
M := span{@1, g2} = {mi1p1 + ma@,; m = (my, my) € R*} c L*(0, L), (2.8)

where @1, @, are defined in (2.1), (2.2) and (2.3). Then the following decomposition holds:
L?(0,L) = Mo M*,
with

L L
Mt = {(p e L*(0, L); J(p(x)(pl(x)dx =0, J(p(X)(pz(x)dx = O}. (2.9)
0 0

2.2 Some properties of the KdV equation (1.6)

By considering equation (1.6) as a special case (with f = O and u = 0) of [7, (4.6)—(4.8)], we give the following
definition for a solution to equation (1.6), which follows from [7, Definition 4.1].

Definition 2.7. Let T > 0 and yo € L?(0, L). A solution to the Cauchy problem (1.6) on [0, T] is a function
y € B:=C°([0, T); L?(0, L)) n L?(0, T; H*(0, L))
such that, for every T € [0, T] and for every ¢ € C3([0, 7] x [0, L]) satisfying
¢(t,0) = ¢p(t,L) = ¢px(t,0) =0 forallt € [0, 7], (2.10)

one has

L L
Qyyxdxdt + jy(‘r, x)(T, x)dx — Jyo(x)(l)(O, x)dx = 0. (2.11)
0 0

Ot—
Ot 1~

- JT JL((Pt + @x + Gro)ydxdt +
00

A solution to the Cauchy problem (1.6) on [0, +o0) is a function

y € C°([0, +c0); L*(0, L)) N LE ([0, +00); H*(0, L))

loc
such that, for every T > 0, y restricted to [0, T] x (0, L) is a solution to (1.6) on [0, T].

Then by considering equation (1.6) as a special case of [8, (A.1)] (with f = 0 and u = 0), the following two
propositions about the existence and uniqueness of the solutions to (1.6) follow directly from [8, Proposi-
tions 14 and 15].
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Proposition 2.8. Let T € (0, +00). There exist € = &(T) > 0 and C = C(T) > O such that, for every yo € L*(0, L)
with |lyollz2(o,1y < €(T), there exists at least one solution y to equation (1.6) on [0, T] which satisfies

T
1/2
lyls := tg[lgl%ﬂy(t, Mr2o,1) + ( JHY(L -)||12L11(0,L)dt) < C(Dllyollz2(o,1)-
' 0

Proposition 2.9. Let T € (0, +00). There exists C > 0 such that, for each pair of solutions (y1, y2), correspond-
ing to each pair of initial conditions (y10, y20) € (L*(0, L))?, to equation (1.6) on [0, T], the following inequali-
ties hold:

T L
J J(hx(t, X) - yZX(t’ X))dedt < (le(X) - yZO(X))ZdX eXp(C(l + ”yl"%Z(O’T;Hl(O’L)) + ||J/2 ”%Z(O,T;HI(O,L))))’
00

(J’10(X) - .VZO(X))ZdX eXp(C(l + ”yllllz‘Z(O’T;Hl(O’L)) + ||)’2 ”%Z(O,T;Hl(O,L))))’

Ot 1y Ot

L
J(h(t, X) - ya(t, ) dx <
0

forallt e [0, T].

Let us also mention that for every solution y to (1.6) on [0, T] or on [0, +00),
t — |ly(t, -)||i2(0 I is a non-increasing function. (2.12)

This can be easily seen by multiplying the first equation of (1.6) with y, integrating on [0, L] and performing
integration by parts. One then gets, if y is smooth enough,

L

d
= ]y(t, X)2dx = ~yy(t, 0)%,
0

which gives (2.12). The general case follows from a smoothing argument. As a consequence of Proposi-

tion 2.8, Proposition 2.9 and (2.12), one sees that (1.6) has one and only one solution defined on [0, +0co) if
lyolzz(o,ry < €(1).

3 Existence of a center manifold and dynamics on this manifold

Let us start this section by recalling why, as it is classical, the property “0 € L?(0, L) is locally asymptotically
stable in the sense of the L2(0, L)-norm for (1.6)” stated at the end of Theorem 1.1 is a consequence of the
other statements in this theorem. For convenience, let us recall the argument. Let yo € L2(0, L) be such that
lvollz20,) < 6 and let y be the solution to (1.6). It suffices to check that

y(t,-) - 0 inL?(0,L) ast— +oo. (3.1)

By (1.13), (2.12) and the fact that M is of finite dimension, there exists an increasing sequence of positive
real numbers (t,)nen and zo € L2(0, L) such that

t, — +00 asn — +oo,
y(tn,) > 2o inL?(0,L) asn — +oo, (3.2)
Zp € G and ||ZO||L2(0,L) < 6. (33)

Letz : [0, +00) x (0, L) — R be the solution to (1.6) satisfying the initial condition z(0, -) = z. It follows from
(1.14) and (3.3) that
z(t,) > 0 inL%*(0,L) ast— +oo. (3.4)
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Let 7 > 0. By (3.4), there exists T > 0 such that

N

lz(T, 20,1y < (3.5)

By Proposition 2.9 and (3.2),
y(tn +7,) - z(1,-) inL?*(,L) asn — +oo. (3.6)
By (3.5) and (3.6), there exists ny € IN such that
ly(tn, + T, Mr20,0) <1,
which, together with (2.12), implies that
ly(t, 20,0y <n forallt >ty +1,

which concludes the proof of (3.1).

The remaining parts of this section are organized as follows. We first recall in Section 3.1 a theorem (The-
orem 3.1) on the existence of a local center manifold for (1.6). Then in Section 3.2 we analyze the dynamics
of (1.6) on this center manifold and deduce Theorem 1.1 from this analysis.

3.1 Existence of a local center manifold

In [6, Theorem 3.1], following [21], the existence of a center manifold for (1.6) was proved for the first critical
length, i.e., L = 271. The same proof applies for our L (i.e., L = 2771/7/3) and allows us to get the following
theorem.

Theorem 3.1. There exist 6§ € (0,&(1)), K> 0, w >0 and a map g : M — M* satisfying (1.10) and (1.11)
such that, with G defined by (1.12), the following two properties hold for every solution y(t, x) to (1.6) with

lyollz2(o,1) < 6:
(i) Local exponential attractivity of G:

diy(t,"), G) < Ke™®'d(yo, G) forallt>O0,
where d(x, G) denotes the distance between y € L*(0, L) and G:
d(x, G) :=inf{lly — Yl20,0); ¥ € G}.

(ii) Local invariance of G: If yg € G, then y(t,-) € G forall t > 0.

3.2 Dynamics on the local center manifold

In this section we study the dynamics of (1.6) on Gs with

Gs := {{(x) € G; I¢llz2(0,1) < 6}-

Let
Q :={(m1, my) € R*; myp1 + ma@, + g(m1p1 + mags) € Gs},

then Q is a bounded open subset of R? which contains (0, 0) € R?. Let m® = (m9, m9) € Q, and let y
be the solution of (1.6) on [0, +co) for the initial data yo := m@; + m9¢, + g(mS 1 + m9¢,). It follows
from (2.12) and Theorem 3.1 that y(t,-) € Gs for every t € [0, +0o). Hence we can define, for ¢t € [0, +c0),
m(t) = (my(t), my(t)) € Q by requiring that

y(t, ) = mi(O@1 + my(t)p2 + g(mi(t)p1 + ma(t)g2). (3.7)
Brought to you by | University of California - San Diego
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Since y € C°([0, +00); L?(0, L)), we have m € C°([0, +00); R?). Let T > 0 and u € C3(0, T). We apply (2.11)
with 7 = T and ¢(t, x) := u(t)1(x) (note that, by (2.4), (2.10) holds). We get

]

From (2.4), (2.9), (3.7) and (3.8), we have

((t)p1(x0) + u®) @i (x) + u®)@" (X))y(t, x)dxdt + | | u(®)p1(0)(yyx)(t, x)dxdt = 0. (3.8)

S —r
Ot
© e,

T

- [om @) - gma (o)

0

Nlp—t

TL
j Jyz(t, X (u(t)dxdt =0
00

Hence, in the sense of distributions on (0, T),

My = —qmy + (m1p1 + myp, + g(mypy + mz(pz))z(plldx.

N|
Oty 1~

Similarly, in the sense of distributions on (0, T),

L
my = qmy + j(mlqol +mypy + g(M1e1 + My2))  @hdx.
0

N[~

Hence, if we define F : Q@ — R?, m = (m, m») — F(m) by

—qmy + 3 fOL(m1<p1 +My@y + g(mipy + ngoz))zgo’ldx
F(m) := , (3.9)
1 (L 2
gmy + 3 [ (mig1 + ma@s + g1 + myg,))” @ dx
then
m = F(m). (3.10)
Note that, by (1.10) and (3.9), F € C3(Q; R?), which, together with (3.10), implies that
m € C*([0, +00); R?). (3.11)
We now estimate g close to 0 € M. Let i € C3([0, L]) be such that
Y(0) = Y(L) =y'(0) = 0. (3.12)
Using Definition 2.7 with ¢ (¢, x) := ¥(x), (3.12) and integration by parts, we get
1 T L 1 7L L 1
- I j(w,b' + " ydxdt - o I I Y'y?dxdt + J ?(y(‘r, x) = yo(x)) Y (x)dx = 0. (3.13)
00 00 0
Letting 7 — 0% in (3.13), and using (3.9), (3.10) and (3.11), we get
L L L
- [ s wyodx - 3 [ pyiax
0 0
i > dg
+ j(ml(oypl(x) £ 1115(0)92(x) + 5 (mO)riny (0) + —(mo)r'nz(O))l,bdX —o0. (3.14)
omy om;
0
We expand g in a neighborhood of 0 € M. Using (1.10) and (1.11), there exist
aeMt, beM, ceMt (3.15)
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10 —— S.Tanget al., Asymptotic stability of a Korteweg—de Vries equation DE GRUYTER

such that
g(apy + Bpr) = a’a+apb + pZc+o(a® + B?) inL*0,L) asa’+p% -0, (3.16)
:Tg(aqn +Bg>) =2aa+Bb+o(la]+|f]) inL?*©,L) as|al+|Bl — O, (3.17)
1
;Tg(agol +B¢y) = ab+2Bc+o(lal +|Bl) inL%(0,L) as|al+|Bl — O. (3.18)
2

As usual, by (3.16), we mean that, for every ¢; > 0, there exists ¢, > 0 such that

@+ <61 = lglaps +Bgs) - (@a+apb + B0l o.n) < G2(a® + 7).
Similar definitions are used in (3.17), (3.18) and later on. We now expand the left-hand side of (3.14) in terms
of m9, m9, (m?)2, mYm9 and (m9)? as |m?| + |m$| — 0.

For the functions ¢, and ¢, defined by (2.1), (2.2) and (2.3), the following equalities can be derived from
(2.4), (2.5) and using integrations by parts:

L L
. - . _ 10
J P1(X)p;(x)dx = ok prz(X)fpl(X)dX =T AT (3.19)
L L
I P10} (x)dx = 0, j P35 (0)dx =0, (3.20)
0 0
L L
I P @h(x)dx = -2c1, J P39} ()dx = 2V3cy, (3.21)
0 (0]
L L
I P1(X)P2(X) @} (X)dx = c1, J P1(0) 920095 (x)dx = -3¢y, (3.22)
0 0

where the constant c; is defined by

¢1 = T G 43T

"~ 3923927

Looking successively at the terms in (mo)2 m° m2 and (mz)2 in (3.14) as |m°| + |m(2)| — 0, we get, using
(3.9), (3.10), (3.16)—(3.18) as well as (3.19)-(3.22),

L L
J(l/)x + Py )adx — J Yxpidx + I( c192 + gb)pdx = 0, (3.23)
0 0 0
L L L
J( + Yxxx)bdx — J Yyxp1podx + J(cl(pl - V3c19, - 2qa + 2qc)ypdx =0, (3.24)
0 0 0
L ) L L
J( + Pxx)Cdx — 5 J xp3dx + I(\/?Cﬂpl —gb)ydx = 0. (3.25)
0

Since (3.23)-(3.25) must hold for every i € C3([0, L)) satisfying (3.12), one gets that a, b and c are of class
C® on [0, L] and satisfy

a +a"+ " —ci102+gb=0,

P19, 1,<P2 q (3.26)
a(0)=a(l)=0, a(l)=
b +b" + @195 + @lpa + c1p1 — V3c192 —2qa +2qc =0 (3.27)
b(0)=b(L)=0, b'(L)= '
c+c"+ Y +V3cip1 - gb =0,

P20, ) 191 -4 (3.28)
c0)=c(L)=0, c(@L)=0
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DE GRUYTER S. Tang et al., Asymptotic stability of a Korteweg—de Vries equation = 11

In Appendix A, we derive the unique functions a : [0,L] - R, b : [0,L] —» Rand c : [0, L] —» R which
are solutions to (3.26), (3.27) and (3.28). From (3.9) and (3.16), and using (3.20)—(3.22), we get that, as
m — 0 € R?,

—gms + V3cim2 + comymy + Aym> + Bym?m, + Cymym?2 + Dym>
F(m) = ( qqm1 —-cym? - f/§clm1m2 + Azm{1+ Bszlmz + C2m1m§2+ Dsz) +o(imP’), (3.29)
with
L L L
Aq = Ja(pl(pldx, Bi := Jb(plq)ldx + J ap, ¢! dx, (3.30)
0 0 0
I I L
Cy := Jc<p1<p1dx + J bprpidx, D;:= Japz(pldx, (3.31)
0 0 0
I I I
Ay = Ja(pl(pzdx B; := Jb(pl(pzdx + J ap, @) dx, (3.32)
0 0 0
L L L
Cy := Jc<p1<p2dx + J bp,phdx, Dj:= Japz(pzdx (3.33)
0 0 0

Let us now study the local asymptotic stability property of 0 € R? for (3.10). We propose two methods
for that. The first one is a more direct one, which relies on normal forms for dynamical systems on R?. The
second one, which relies on a Lyapunov approach related to the physics of (1.6), is less direct. However, there
is a reasonable hope that this second method can be applied to other critical lengths L € N\ 27N for which
the dimension of M is larger than 2.

Method 1: Normal form. Letz := m; +im; € C. Then

and it follows from (3.10) and (3.29) that, as |z| — O,
z=(iq)z + P2(2,2) + P3(z,2) + 0(|z]?), (3.34)
where Pj(z, z) are polynomials in z, z of degree j. To be more precise, we have

Py(z,2) := (V3cim3 + cymymy) + i(-cim? — V3cimimy)

=—%(\/§+i)zz+c—21(\/§—i)z.§ (3.35)
and

Ps(2,2) i= (A1 + iAz)(ZZE) + (B + sz)(Z+Z) (Zj>

zZ-Z

+(c1+1c2)(z+z)(7) +(D1+iD2)(22;i2)3. (3.36)

We can rewrite (3.34) as
3

z=(iQ)z+ ) —g,,zzf+o(|z| ), (3.37)
i+j=2 ]

and it is known from [11, pp. 45, 47] that (3.37) has the following Poincaré normal form:

&= (ig)¢ +p&*E+o(18P), (3.38)
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12 —— S.Tanget al., Asymptotic stability of a Korteweg—de Vries equation DE GRUYTER

where .
p= i(gzogn -2lgul* - %Lgozlz) + % (3.39)
According to (3.35) and (3.36), through a simple computation, we have
g20=-c1(V3+i), gu-= %(\/E_i)’ 802 =0, (3.40)
g1 = %(3A1 +i3A, — 1By + By + C1 +iCy — i3Dy + 3D3). (3.41)

Using (3.40) and (3.41), the formula of p provided by (3.39) gives p = p1 + ip,, with

1 2 1
p1 = §(3A1 +C1+By+3D3), pi:= —Zj + g(_Bl -3D; + 345+ Cy).

It follows that we can derive the Poincaré normal form of the reduced equation on the local center manifold
(3.38). Moreover, in Cartesian coordinates, (3.38) is

& = —q6H + (p1&1 - p2 &) (& + E) +o(l&1)P +1&P),
& = qé1 + (p1& +p2&) (& + E) + o(1&4 P + &),

where
§=4&1+18.
In polar coordinates, set
r=\&+ &2, 0=arctané.
51 {2 {1
We have, asr — 0O,
r=pir’ +0(?), 0=q+par? +o(r?). (3.42)

Now it is clear to see from (3.42) that the origin 0 € R? is asymptotically stable for (3.10) if p; < 0 and
is not stable if p; > 0. From (2.1)-(2.3), (3.30)—(3.33) and Appendix A, we can obtain all the coefficients
A;, B;, Ci, D; (i = 1, 2). Then, using Matlab, it follows that

1
P1 = §(3A1 + C1 +Bz + 3D2) =-0.008766 < 0.

A straightforward computation leads to the existence of C > 0 such that, at least if (0) € [0, +00) is small
enough, one has for the solution to (3.42),

r(t) < & forall t € [0, +00),

V1 + tr(0)2

which concludes the proof of Theorem 1.1.

Method 2: Lyapunov function. Let us start with a formal motivation. Recall that, by (1.8) and with E defined
in (1.7), we have, along the trajectories of (1.6),

E= —%KZ,
with K := y4(0). It is therefore natural to consider the following candidate for a Lyapunov function:
V:=E - uKK,
where u > 0 is small enough. Indeed, one then gets
V= —%Kz - u(K)? - uKK,
and one may hope to absorb —uKK with -3K? — u(K)? and get V < 0 on G \ {0}, at least in a neighborhood

of 0.
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We follow this strategy together with the approximation of g previously found. Form = (m1, m,) € Q, let
(see (3.16))

&:=m?a+mymyb + msc € C°([0, L)), (3.43)
V:i=mip1 + ma@s + 8 € C([0, L), (3.44)
and
) L
E = 5 J?de.
0

Then, using (2.4), (2.5) and (3.26)—(3.28) (compare with (3.14)), one gets that, along the trajectories of
(3.10), form € Q and ¥ € C3([0, L]) satisfying 1(0) = (L) = 0, one has

L
- j(l[)’ +""ydx + P'(0)(mia’ (0) + mymyb' (0) + m5c'(0))
0

L L
1 . . ) 08 . 08 .
-3 J UyyPdx + I(mgpl + 1) + a_rriml + a—”‘imz)lpdx
0 0

(yt +Vx + Vxxx +)~’)7x)l/)dx

[mf(Al(pl + A0y —bey + @1a’ + agh)

Ot Ot

+ m2my(B1p1 + Bagy + 2acy — bV3cy - 2ccy + o1b' + pra’ + aph + b))
+mym3(C1p1 + Capz + 2aV3cy + bey — 2¢V3cq + @1c’ + @b’ + b)) + co))
+m3 (D11 + Dagy + bV3c1 + @ac’ +cghy) + o(|m|3)]l/1dx as m| — 0. (3.45)

Then, using (3.45) with ¥ := y (which, by (2.4), (2.5), (3.26)-(3.28), (3.43) and (3.44), satisfies (0) =
Y(L) = 0), along the trajectories of (3.10), we have from (2.6), (2.7), (3.15) and (3.29)-(3.33) that the right-
hand side of (3.45) is o(/m|*), and

B 1 .
E= —EKZ +o(m/*) as|m|— 0,

with K : Q — R defined by
K := a'(0)m? + b'(0)mym; + ¢’ (0)ym3. (3.46)

Let us emphasize that, even if “along the trajectories of (3.10)” might be misleading, Eis just a function of
m ¢ Q. It is the same for V, K, K which appear below. Using (1.11) and (3.9), we have, along the trajectories
of (3.10), )

K = gb'(0)m? +2q(c'(0) - a'(0))m1m, — gb'(0)ym3 + o(|m|?). (3.47)

Using (3.9), we get the existence of C > 0 such that, along the trajectories of (3.10),
IK| < Clm> forallm € Q.
We can now define our Lyapunov function V. Let € (0, 7]. Let V : Q — R be defined by
7 .= E- ukKk. (3.48)

From (3.48), we have the existence of 1o > 0 such that, for every m € R? satisfying |m| < 1o and along the
trajectories of (3.10),

3 1 . 2 ~
V= _51(2 - u(K)? - uKK + o(jm|*)
1. 2 z
< —ZKZ - u(K)? + u2(K)? + o(lm|*)
Brought to you by | University of California - San Diego

Authenticated | sht015@ucsd.edu author's copy
Download Date | 10/17/16 10:17 PM



14 — S.Tangetal., Asymptotic stability of a Korteweg-de Vries equation DE GRUYTER

< —%f@ — u(K)? + 22 C*m/*
< —u(R? + (K)? - 2uC2m*). (3.49)
Let us assume for the moment that, for every m = (my, m,) € R?,
a'(0ym? + b'(0)mym; + c'(0)m?2 = 0,
{ qb('(z));;i + Z(q()c'(10) 2- a’((())))mlzmz _gpOmi=0 m=0 G50
Then, by homogeneity, there exists n; > 0 such that
(a'(0)ym? + b'(0)mym; + ¢’ (0)ym3)* + (qb' (0)ym? + 2q(c' (0) - @' (0))mym;, — gb'(0)m3)* > 2n1im|* (3.51)
forallm = (my, m,) € R2. From (3.46), (3.47) and (3.51), we get the existence of 17, > 0 satisfying
K2+ (K)? > n1lm[* forall m € R? such that |m| < 5. (3.52)
From (3.49) and (3.52), we get the existence of 113 > 0 such that, for every u € (0, 113),

V< —%nllmll‘ for all m € R? such that |m| < 3. (3.53)
Moreover, straightforward estimates show that there exists n,4 > 0 such that, for every u € (0, n14),

- 1
n4mj? <V < rz_lmlz for all m € R? such that |m| < 1,
4

which, together with (3.53), proves the existence of C > 0 such that, at least if m® € R? is small enough, the

solution to (3.10) satisfies
ClmP|
m(t)] <« ———— forallt > 0.
1+ t/m°)?
It only remains to prove (3.50). From Appendix A, one gets that ¢’(0) = 0.0118 # 0, then (3.50) holds
if m1 = 0. Let us now deal with the case m; # 0. If we divide both polynomials in the two equations on the
left-hand side of (3.50) by m%, then the two resulting polynomials have a common root if and only if their

resultant is zero. This resultant is the determinant of the Sylvester matrix S:

c'(0) b'(0) a'(0) 0
[ o c'(0) b'(0) a'(0)
| -p'(0) -2(d'(0)-c'(0)) b'(0) 0
0 -b'(0) -2(a'(0) - ¢'(0)) b'(0)
Straightforward computations show that
det(S) = a’(0)>[b'(0) + 4c'(0)] + a'(0)*[-2b"(0)? + b’ (0)c' (0) - 8¢’ (0)?] (3.54)
+a'(0)[5b'(0)%c’(0) + 4c’'(0)*] - b'(0)%’(0)? - b'(0). (3.55)

From (3.55) and Appendix A (see in particular (A.7)-(A.9)), we have
det(S) = -0.0197 + 0.
Hence, the two resulting polynomials do not have a common root. Thus, (3.50) is proved.

Remark 3.2. It follows from our proof of Theorem 1.1 that the decay rate stated in (1.14) is optimal in the
following sense: there exists € > 0 such that, for every yg € G with [lyollz2¢0,1) < &,

ellyollz2(o,1)

w 1+ t||y0||%2(0’L)

For the Lyapunov approach, let us point out that, decreasing if necessary 3 > 0, one has, for every u € (0, 113),

ly(t, 20,1y 2

i 1
V> —n—lml4 for all m € R? such that |m| < 3.
3
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4 Conclusion and future works

In this article, we have proved that for the critical case of L = 2+/7/3, 0 € L2(0, L) is locally asymptotically
stable for the KAV equation (1.6). First, we recalled that the equation has a two-dimensional local center
manifold. Next, through a second-order power series approximation at 0 € M of the function g defining the
local center manifold, we derived the local asymptotic stability of 0 € L%(0, L) on the local center manifold
and obtained a polynomial decay rate for the solution to the KdV equation (1.6) on the center manifold.

Since the KdV equation (1.6) also has other (periodic) steady states than the origin (see Remark 1.2), it
remains an open and interesting problem to consider the (local) stability property of these steady states for the
KdV equation (1.6). Furthermore, it remains to consider all the other critical cases with a two-dimensional
(local) center manifold as well as all the last remaining critical cases, i.e., when the equation has a (local)
center manifold with a dimension larger than 2.

A On the solution a, b and c to equations (3.26), (3.27) and (3.28)

Set
fr(x) :=ax) +c(x), f-(x):=alx)-c), (A.1)

and
g+ (%) 1= @1(0)PL(X) + P2(0)P5(xX) + V3c191(x) - c12 (%),

g-(x) := P10091 (0 — P20P5 () = V3c191(x) - c192(x), (A.2)
8(X) 1= 1) P4 () + LX) P2(X) + c191(%) — V3c102(%).

First, adding each equation of (3.28) to the corresponding equation of (3.26), we have the following ODE for
f+(0):

{ V100 + LX) + g4 (%) ’= 0, 83)
f+(0) =f+(L)=0, fi(L)=0.
Second, subtracting each equation of (3.28) from the corresponding equation of (3.26), we obtain

{ 2gb(x) + fL(x) +fi”(x,) +8-(0) =0, (A4)

f-(0)=f-(L)=0, f(L)=0,
which gives

1
b(x) = _ﬁ(ﬂ(") +£ (%) + g-(x)). (A.5)

Substitute (A.5) into (3.27), then the following ODE for f_(x) is obtained:
FO0) +2f P00 + 100 + 4% - () + g (x) + 8" (x) - 2qg(x) = 0,
f(0)=f(L)=f.(L)=f"(L) =0, (A.6)
flo+f"oy=0, @) +fPw =o,

where the boundary conditions follow from (2.4), (2.5), (3.27), (A.2), (A.4) and (A.5).
Employing the method of undetermined coefficients, we get the following (unique) solution to the non-
homogeneous ODE (A.3):

3
1 . 1 3
fr(x) = l:zl Cafa(X) + ci11 COS(_ﬁX) + C12 Sll’l<7x> tCe21 COS( 21X>

4 " 5

+ C+31 COS<EX> +C4+32 Sln<ﬁX> + Ci41 COS(ZX)
5 6 9

+c sin<—x> tcC cos(—x) +Cig cos(—x),

+42 ,—21 +51 ,_21 +61 \/ﬁ
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16 —— S.Tang et al., Asymptotic stability of a Korteweg—de Vries equation DE GRUYTER

where the fundamental solutions f,;(x), [ = 1, 2, 3, are

fri(x) =1, fia(x)=cos(x), fi3(x)=sin(x),

and the constants are

. 3¢,0 . -3v3¢10 02 &
+11 = =7 5 +12 =~ 1 5 21 = 7 5
- &P R SR
. -2¢,0 2v3¢10 p €10
BT Ty Dy 2T T Oy (A T Dy
() - () (=) * (57 (=)~ (&)
2 18 2 -18
o 3l P b m
T T (L3 YT (S YT (Do
v’ T V2’ T\ i) T\
and
det(A.;)
= , 1=1,2,3.
7 Get(4y) 3
Here,

f+1(0)  fi2(0)  fi3(0)
A= f+1(L) f+2(L) f+3(L) ’
fiaL) fi,(L)  fi5(L)
and each A,; is the matrix formed by replacing the I-th column of A, with a column vector —b.,, where

b+ = (b+1 b+2 b+3)T s

and

bi1 = Cy11 + Ci21 + €131 + Cya1 + Cis1 + Cyel,

by =c cos( ! L)+c sin( ! L>+c cos( 3 L)
+2 +11 \/ﬁ +12 \/ﬁ +21 \/ﬁ
+C cos( 4 L>+c sin( 4 L)+c cos( > L)
+31 \/ﬁ +32 \/ﬁ +41 \/ﬁ
+C sin(iL)+c cos(iL)+c cos(iL)
+42 \/ﬁ +51 \/ﬁ +61 \/ﬁ )
bi3 = ! c sin( ! L)+ ! c cos( ! L) 3 —c sm( )
+3 \/ﬁ +11 \/ﬁ \/ﬁ +12 \/ﬁ \/2— +21 \/—
- 4 c sin( 4 L>+ 4 c cos( )— > —c ( )
Vot PP T e N\ e T v N
+ ic cos(iL) - ic sin(LL) - Lc sin(LL)
Var T\ ) v P\ ) e T\t

Similarly, the method of undetermined coefficients gives the following (unique) solution to the non-
homogeneous ODE system (A.6):

fo(x) = g Caf1i(x) +c-11 cos(\/%x) +C_12 sin(%x) +C_21 cos(ix)

V21
+C_31 cos(ix> +C_32 sin(ix) +Com Cos(ix)
V21 V21 V21
+C_42 sin(ix) +C_51 cos(ix) +C_p1 cos(ﬂx),
V21 V21 V21
where the fundamental solutions f_;(x),l=1,..., 6, are

foi(x) = e cos(B1x),  foo(x) = eM*sin(B1x), f-3(x) = e™¥* cos(B1x),

fra(x) = e sin(B1x), f-5(x) = cos(B2x), f-6(x) = sin(Bx),
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with
(20 + \/57)3 - 7(20 + \/57) 73

1=

27 ’
g, - 20+ V57)3 +7(20 + V57)73 g, - 20+ V57)3 +7(20 + V57)73
! 2v21 7 V21 ’
and the constants are
. -30%5% +4q@2% +9qc10 . ~93¢c,1©
T T N6 o L va, (12 020 2T 1 v6_o( L e, (12 _sg2’
()0 - 2(L)" + ()2 - 4q (Lo -2y + ()2 - 4q
) 30215 - 4907 2= ; 30220 — 402 12 —6qc1@
21T T N6 o 2 Ve (22 _an2’ VT A \e _o( 44 _2_
()0 -2F) + ()2 -4q (75)° - 2(4) +(r)

) 6v3qc10 ) -30%539 + 490’ 2% - 3qc10
2T Cy6 oy (A2 —ag” T T ()6 2y (—)2 ~4g?’
V21 V21 V21 V21 V21 V21

22048 2 16
c -343¢c10 c 307557 - 490 21
AT T e (5 Ve (52 _ag2’ VT B \6_o( B Ve, (8. 2_za2’
(50 -2(E) +(r) 4q (E)6 -2+ (E)2-4q
3@2 1250
C-61 4 r2
(126 T 10 )44 (1)
and det(A_y)
et(A_
Cg=———-2, 1=1,...,6.
[~ det(A))

Here, the matrix A_ is defined by
A_ = (a_1 Ay 0-3 04 O a_6)

with
ar=(fa0) faL) f L) FLOo+f"0) F1L) @+ fOw), 1=1,...,6.

Each A_; is the matrix formed by replacing the I-th column of A_ with a column vector —b_, where
T
b_=(b.y b, b3 by bs b)
and

b1 =cq1+C21+C31+C41+Cs51+Ce1,

bor=c cos( ! L>+c sin( ! L)+c COS( 2 L)
—2=0C-11 NoTS -12 NGT -21 NGT

+C cos( 4 L>+c sm< 4 >+c cos( > L)
-31 NEEi 32 NGTl 41 NGTi
. 5 10
+Coy sm(—1 >+c_51 cos< >+c 61 cos(ﬁL)
1 1 1 2
b3=—-——cC_ sin(—L)+—c, cos( L) ——cC_ s1n< L)
Ty U\ vt P\ ) v T\
—ic sin(iL)+—c COS(LL>——C sm( > )
N . V21 1 21 \/ “ V21
+ > c cos( > L) 8 c_ sm( 8 L) C_g1 Sin ( 10 )
2 2 )2 — L)-—c
V21 T\ 21 21 \/21 V2T
b 20 c cos( ! L)+ 20 c cos( 4 L) 20 c cos( > L)
4 = ~12 Ey— _32 [ - ——=C_42 —L,
YT o1vat ! 21 /) 21v21 21/ Va1 ! V21
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b_s = 20 c sin< ! L>+ 20 c cos( ! L) 34 c sin( 2 L)
2T v ¢ V21 21v21 ¢ V21 21v21 V21
20 . (5
- C_41 Sll’l(—L)
21

1
c sin( 4 L)+ 20 c cos( 4 L>
21v21 21 /) 21v21 0 \V21 21\/
) 344 n( 8 L>+ 790 Sin( 10 L)
2121 V21 21v21 ’
= ZOC cos( L) Oc sin( ! L) 68c cos< 2 L)
202\ aT ) T 212\ e ) 212 T\
- SOC cos< 4 L)— SOC sin( 4 L)+100c cos( > L)
202\ a1 ) 212 o ) 2 M\

1000 sm( > L)+27526 cos( 8 L)+7900c cos( 10 L)
M TER W -t 21 212 T\t )

Therefore, we derive from (A.1) that

a(x) = %(f+(X) +f-(0)
= %[ l:il Coifr(x) + 1=i1 Cafa)
+(Cy11 +Co11) cos(\/%x) + (€412 + C-12) sin(%x) +C_21 cos(\/%
+Cia1 cos(%x) +(Cy31 + C_31) cos(\/%X) +(C432 +€-32) Sin(\/%x)

5 . 5
+ (Cy41 + C_41) cos(\/ﬁx) + (Cy42 + C_42) sm(ﬁx> + Ci51 cos(

+C_51 cos(\/%x) + Ci61 cos(%x) + C_g1 cos(%x)] (A.7)
and
€0 = 3(: 0 ~f-(x)
%[ Z Ciifri(0) - Z Cif-i(x)
+(Cy11 — C-11) cos(Lx) + (€412 — C_12) sin(ix) -C-0 cos(ix)
V21 V21 V21
+Cy01 cos(%x) + (€431 — C-31) cos(%x) + (€432 — C_32) sin(\/%x)
5 . 5 6
+ (Cy41 — C—41) cos<ﬁx> + (Cr42 — C—42) sm(ﬁx) + Ci51 cos(ﬁx)
—C_51 cos(\/%x) + Ci61 cos(%x) —C_p1 cos(%x)]. (A.8)
From (A.5), we obtain
b(x) = -i(fi(x) 100 + 8-()
6
[ Y Ccaff 0+ Z Caf! (0
=1 =1
20 ) (1 20 1
) c 11+ EG) + 3c1@)sm< \/_1X) + (21\/ﬁc,12 + 3\/§c1®>cos(ﬁx)

+

(2
(2 C_o1 + \/%92)51 ( ) (21\/_c 31+ 2c1@)) sin(\/%x)
(it

c 32 — 2\/§c1®) cos( \/% ) (2125_ \/_ 24 cﬂ%)sin(%x)
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_ (%6_42 + \/§cl®) cos(%x) - %@2 sin(\/%x)
(e ol ) (e ol 0} 0
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