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Disturbance Estimation of a Wave PDE on a Time-varying Domain *

Ji Wang' Shu-Xia Tang?

Abstract

In this paper, we design an exponentially convergent distur-
bance observer for a wave PDE on a time-varying domain by
(I(t),t). More
specifically, two auxiliary PDEs are constructed to build the

using two boundary measurements (0, ), us

disturbance observer for tracking the external disturbance in
the wave PDE. Exponential convergence of the disturbance
estimation to the true disturbance value is proved by Lya-
punov analysis, and all states in the observer are shown to
be bounded once the original state u(z,t) is bounded via
designing control input.

1 Introduction

This paper considers a wave PDE on a time-varying
domain with mismatched unknown disturbances, which
can describe the axial vibration dynamics of a mining
cable elevator with the disturbance at the cage. For the
purpose of attenuating the disturbance in the feedback
control design, the objective of this paper is to estimate
the disturbance.

Different methods have been employed to deal with
the disturbance in PDE systems in the past decades.
Slide model control (SMC) is designed for heat, Euler-
Bernoulli, and Schrodinger equations with boundary
disturbances in [5],[8],[11],[13]. Adaptive control is
applied to attenuate the harmonic disturbance with
known frequencies in wave PDEs in [2],[3],[4].

An active disturbance rejection control (ADRC)
method which was proposed by Han [10] has been used
in PDE systems as well. The important step in ADRC is
to estimate the unknown disturbance in time with mea-
sured outputs in a feasible way. The ADRC method
has been verified theoretically and practically as a pow-
erful method of dealing with disturbances in PDE sys-
tems by many research groups. In most of literatures
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about ADRC in PDE systems, the disturbance estima-
tion converges asymptotically to the true value of the
disturbance [7],[9]. The state feedback designs, using
ADRC, of an one-dimensional anti-stable wave equation
and a generalized version of the wave equation subject
to matched disturbances d(¢) were presented in [6],[12].
The output feedback design of an one-dimensional anti-
stable wave equation with a boundary disturbance d(t)
was developed in [7]. Boundary stabilization for a multi-
dimensional wave equation with a boundary disturbance
d(t) was considered in [9]. An observer-based output
feedback stabilising control for a wave PDE-ODE sys-
tem with an external disturbance was proposed in [14].

Recently, output feedback stabilization of a wave
equation with a matched external disturbance which is
estimated by constructing two PDEs was considered in
[1]. In this paper, we design a disturbance observer
to track the actual disturbance with an exponentially
convergent error in a wave PDE on a time-varying
domain as follows:

(1.1) e (x, 1)
U, (0, 1)
ug(I(t),t) = (t),

where u(x,t) is the PDE state. d(¢) is an unknown
disturbance and U (t) is the control input. The following
assumptions are used.
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AssuMPTION 1. The domain length I(t) of the wave
PDE is deceasing from its initial value L, i.e. I(t) <0,
and a lower bound [ > 0 exists on the domain length,

st 1(t) > 1,Vt > 0.

ASSUMPTION 2. The disturbance d(t) is bounded by
(1.4) ld(t)| < D,
where D is unknown and arbitrary.

The remainder of the paper is organized as follows. The
design of the observer is presented in Section 2. The
proof of the exponentially convergent estimate error of
the observer is shown in Section 3 by Lyapunov analysis.
The boundedness of all states in the observer is proved
in Section 4. The conclusion is proposed in Section 5.

Unauthorized reproduction of this article is prohibited 107



Downloaded 07/13/17 to 74.112.3.251. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2 Design of a Disturbance Observer

In this section, we design a disturbance estimator for
the unknown disturbance in the wave PDE (1.1)-(1.3)
on the time-varying domain by using the available
measurements u(1(¢),t) u(0,t):

(2.6) d(07t) = u(O t) - u(O,t),
(2.7) &, (U(1), 1) = —ardy(I(1), 1).

where @(z,t) satisfies the following system:

which is a copy of the system (1.1)-(1.3) with the
injection a (u(1(t),t) — u(I(¢),t)) and the constant aq
is to be determined later. We define the disturbance
estimate d(t) as

(2.11) d(t) = d(0,t).

REMARK 1. The system (2.5)-(2.7) and (2.8)-(2.10)
can be regarded as a disturbance estimator which uses
available measurements us(1(t),t) u(0,t) to estimate the
unknown disturbance in the original system (1.1)-(1.3).

3 Convergence of Estimate Error

THEOREM 3.1. The error d(t) between the disturbance
estimate d(t) defined in (2.11) and the actual distur-
bance d(t) is exponentially convergent in the sense of
the following equation:

—d(t)] < Ve vt > 0,

where A2 > 0 and Vj, is a positive constant which
depends on the initial value only.

In order to prove Theorem 3.1, we define @(z,t) =

u(z,t) — u(x,t) as

(3.12) Ut (2, t) = Uy (2, ),
(3.13) Uy (0,t) = d(t),

(3.14) U (1(t),t) = —art (I(t), 1),
and o(x,t) = u(z,t) — d(z,t) as

(315) ’INJtt(CCﬂf) = @zx(x,t),
(3.16) 5(0,) = 0,

(3.17) 02 (1(t), t) = a1 (U(t), t)

We present two lemmas first.
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LEMMA 3.1. For any initial data (0(x,0),0:(z,0))
which belong to H(0, L) x L%(0, L), the system (3.15)-

(3.17) is exponentially stable in the sense of the norm

1(t) 1(t) 1/2
(/ ﬂf(x,t)dx—l—/ 6§(x,t)dx) .
0 0

Proof. The following system norm will be used:
- 2 - 2
(3.18) Qi (t) = [[oe O + N0 (5 D7,
where ||o(-,¢)|> is a compact notation for

Ol(t)@(x,t)2dx. In addition, we employ a Lyapunov
function

1., 1., .
Vs (t) = §||Ut('7t)||2 + §H%('7t>\|2
1)
(3.19) 4 5;,/ (14 2 (2, )i (, £)da,
0

where the parameter d; is to be determined and needs
to at least satisfy

1
3.20 0< by < ——
(3.20) S ST

to guarantee the positive definiteness of V;(¢). Then we
can get the following inequality:

(321) 9{,19{; (t) < V{,(t) < 9{,295(7,‘),
where
1 1
22 0 = 5 — 505(1+ L),
(3.22) 1=5—5%0+1L)
1 1

Taking the derivative of V;(t) along the system (3.15)-
(3.17), we obtain

Vf) = _alﬁg(l(t)’ t)

+ %’”’(1 +I() (1), 1)

N a12‘52i(1 +UE)FA), 1) — 52%3:(0’“
05 - ~

o L G

+ i) @105 (1 + 1) 2(0). 1
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. .
< =2l - Lhinl?

e )i,

1 a .
- ’l(t)‘ (2 + % —a1d5(1+ L)) 2(1(t), 1)
05 _o

- 5 m(oat)
(3.24) < -\V3,
where

05

(325) A1 - 20~27

and 3 is chosen to satisfy
1 . 2a1 1+ a;?
3.26 0<dg < —— l,— —
(3.26) 1+me{ 1+a?’ 2a
2

to make sure the coefficients before the term o7 (I(¢),t)
are negative.

LEMMA 3.2. For any initial data (e(x,0),eq(x,0))

which belong to H(0,L) x L?(0,L), the system

e(x,t) = U(x,t) is exponentially stable such that
le(z,1)] < Vege *!,Vt > 0,

where Ao > 0 and Vg @s a positive constant which only
depends on the initial values. Then we obtain

|02(0,1)] < Vioe 2%, ¥t > 0,

where Vg is a positive constant which only depends on
the initial values.

Proof. According to the system (3.15)-(3.17), the e
system can be written as

(3.27) en(x,t) = egg(, 1),
(3.28) e(0,t) =0,
(3.29) ex(I(t),t) = =bies(I(2),1),
where
(3.30) [ — 1(®)
1—ay|i(t)]

We can choose

. 1
(3.31) 1) < a1 < m

in the case of |I(¢)| < 1, and chose

1 .
(3.32) ol <ay < |Ut)],
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when |I(t)| > 1, to make
(3.33) by > 0.

Consider a Lyapunov function for the system (3.27)-
(3.29),

1 1
Volt) = gllec DI + 5 leaC o)
1(t)
(3.34) —1—56/ I+ z)eg(z,t)er(x, t)de,
0

where the parameter ¢, is to be determined and needs
to at least satisfy

1
3.35 0<6, < ——
(3.35) SO%<T3L

to guarantee the positive definiteness of V,(¢).

Taking the derivative of V,(¢) along the system
(3.27)-(3.29), through a similar computation as (3.24),
we get the exponential stability of the system e(z,t),

. Oc Oc
Ve < =Zled® = el

_(m_@ﬁj”a+m6y£wmw

—WM<1+m2—h&O+M)¥Wﬂﬁ

2 2
1)
- ;exZ(Oa t)
(3.36) < =XV,
where
Je

. Ao =

(3.37) 9 S

and J. and p. satisfy:

1 . 2b1 1 +b12
3.38 0<9, — 1, ——
( ) < e<1+Lm1n{51+b123 2b1 ’

1
2

According to ¥ system (3.15)-(3.17), from Cauchy-
Schwarz inequality, we obtain

1
(3.39) pe = 5 + 30e(1+ L),

1(t)
|@@M§wmmw+ﬂé o (2. )

1(t) 3
< |a117t(l(t)7t)|+L</ |@tt(x,t)|2dm>
0
= lare(l(t), t)| + L|le(-, )|l
(3.40) < ay|v(L,0)[e= 2t 4 L ||y (-, 0) || e 2,
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then
QAU|%®JH§GM@@£H+HM&£W>6&?

The proof is thus completed.

With Lemma 3.2, we can then prove Theorem 3.1.

Proof. According to (2.11) and (3.13), the estimated
error of the proposed disturbance estimator can be
obtained as

(3.42) = 5,(0, ).

According to Lemma 3.2, we can conclude Theorem 3.1.

4 Boundedness of the Observer State.

THEOREM 4.1. All states in the disturbance observer

are bounded in the sense of,

I(t)
m{/ (@(e,0) + B (o 1)
>0 | Jo

(4.43) + aZ(x,t) + u(x, t))dx} < 00.
In order to prove Theorem 4.1, we propose one Lemma
first.

LEMMA 4.1. The system (3.12)-(3.14) is uniformly
bounded in the sense of

1(t)

(4.44) sup [/ (u?(z,t) + ai(x,t))} < oo.
t>0 LJo

Proof. The following system norm will be used:

(4.45) Qa(t) = [l ()1 + [l (-, 6)].

In addition, we employ a Lyapunov function
[, 2 1,0 2
Valt) = gl 0l + 5 e (1)
1(t)
(4.46) +da / (14 @)ty (z, )t (x, t)dx,
0

where the parameter d; is to be determined and needs
to at least satisfy

1
4.4 i < ——
(4.47) O<5u<1+L

to guarantee the positive definiteness of V;(t). Then we
can get the following inequality:

(4.48) 021 (t) < Va(t) < 0224 (t),
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where

(4.49) Ou1 = 1 - 1(573(1 + L),
2 2
1 1

_l’_
Taking the derivative of V4 (t) along the system (3.12)-
(3.14), we obtain

Vi = —ay a2 (1(t), ) — @, (0, ), (0, 1)
5 o] waw.n - fio|waw. o
(1 + 10 U0, 1) ~ 223 (0.1

Sa . Ou
+ a5 L+ ) (1), 1) — S (0,0)

O - % g ?
2 2

+ ’i(t) arda (1 + 1) a2(U(t), b).

Applying Young’s inequality,
S 0
Vi <~ Tl - Ll

— (a1 — M(l +a12)>af(l(t),t)

2
: a,? .
- ’l(t)‘ (; + 5 —arda(l+ L)) ai(1(t),t)
— (% - 0.0 + (5 — D200

By choosing

1 . 2a1 1+CL12
4.51 0<y < —— l, ——, ——
( ) < u<1+Lm1n{v1+a12a 2, )

(4.52) 0<r <dg,

we obtain,
(4.53) Va < —XoVa + M,
where,
dy
4.54 Ao = )
(4.54) 0= 2.
and M = (5 — %)D".
Multiplying both sides of (4.53) by e*°, we obtain
Aot .
(4.55) AVae™) _ yremr
dt
Integration of (4.55) yields
(4.56)
1 1 M M
Qu(t) < —Va(t) < 7—(Va(0) — —)e ,
()_9111 ()_em( (0) A0)6 e
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which implies Q4(¢) is uniformly bounded by T;Vﬁ(O).
Moreover, it is uniformly ultimately bounded with the

M

ultimate bound Toiso

According to Lemma 4.1, we can prove Theorem 4.1
now.

Proof. We can design the control input U(t) to ensure
u(z,t) uniformly bounded. Based on Lemma 4.1 which
prove the uniform boundedness of the system a(z,t)
and Lemma 3.1 which means the exponential stability

of #(z, t) system, we can get d(z, t) is uniformly bounded
considering ©(z,t) = u(x,t) — d(x,t). Then we can ob-
tain that @(z,t) is also uniformly bounded considering
o(x,t) = u(z,t)—u(z,t)—d(x,t). Therefore, all states in
the observer system (2.5)-(2.10) are uniformly bounded.

The proof is completed.

5 Conclusion

In this paper, we propose a disturbance observer for
wave PDEs on a time-varying domain, subject to un-
known anti-collocated disturbances. This method can
be applied in ADRC where the estimation of distur-
bance is required and used to attenuate the actual dis-
turbance by feedback control in wave PDEs. Expo-
nential convergence of the estimate error and uniform
boundedness of all states in the proposed observer have
been proved by Lyapunov analysis. Physically the ob-
server system can be used in cable elevators to estimate
the disturbance at the cage.
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