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Stabilization of Linearized Korteweg-de Vries Systems with
Anti-diffusion by Boundary Feedback with Non-collocated Observation

Shuxia Tang and Miroslav Krstic

Abstract— This paper addresses the problem of stabilizing a
class of one-dimensional linearized Korteweg-de Vries systems
with possible anti-diffusion (LKdVA for short), through control
at one end and non-collocated observation at the other end.
An exponentially convergent observer is designed, and then a
dynamical stabilizing output feedback boundary controller is
constructed based on the observer. The resulting closed-loop
systems can achieve arbitrary exponential decay rate. In order
to derive invertibility of the kernel function in the backstepping
transformation between the observer error systems and its
corresponding target systems, stabilizing of a critical case of
LKdVA is considered in the Appendix, which can also be treated
as a preliminary problem for the main part of this paper.

Index Terms— Linearized Korteweg-de Vries systems; Anti-
diffusion; Observer; Output feedback; Backstepping.

I. INTRODUCTION

The Korteweg-de Vries (KdV) equation can be used to
model waves on shallow water surfaces and ion-acoustic
waves in plasmas, etc. It has thus been intensively studied
by many mathematicians and physicists. Controllability and
stabilization of the Korteweg-de Vries (KdV for short) sys-
tems have been topics of active research (see, e.g., [1], [2]).
In [3], the authors use PDE backstepping method to stabilize
a linearized KdV system.

When anti-diffusion exists in systems such as Kuramoto-
Sivashinsky equation, Ginzburg-Landau equation, it can
make significant influence on the system stability. Moreover,
the effect of anti-diffusion term in some KdV-type equations
is dicussed in [4].

State feedback stabilizing of a class of LKdVA is con-
sidered in [S5], which can serve as the first part of a full
result, with this paper as the second part. This paper is
devoted to stabilizing the class of LKdVA by output feedback
boundary control. Output feedback problems (see, e.g., [6],
[71, [8], [9], [10]) are usually more applicable and/or more
cost saving than state feedback problems. Moreover, since
non-collocated control is generally preferable over collocated
control in practice and performance, only non-collocated
case is considered in this paper.

Difficulties in the LKdVA backstepping control design
give rise to novel design and system analysis approaches.
Firstly, it is not quite possible to use only a Volterra integral
transformation (see, e.g., [11], [12], [13]) to convert this
original system into an exponentially stable target system.
In order to compensate for the presence of the anti-diffusion
term, we apply another coordinate transformation [5] before
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using the Volterra integral transformation. Secondly and most
important, because of the third order partial derivatives in the
kernel function systems of the backstepping transformations,
we need all the n-th, n € R, order partial derivatives for
one of the kernel function successive approximation terms
in each iteration of the successive approximation. The usual
mathematical induction (with constant number of induction
terms in the process) in successive approximation could not
solve this problem. We employ a mathematical induction
process in which the number of induction terms increases
while the induction proceeds. Thirdly, it is not trivial to prove
the invertibility of the kernel function for the transformation
between the observer error system and the corresponding
exponentially stable target system. This problem is resolved
while solving state feedback control problem for a critical
case of the LKdVA.

The remaining parts of this paper are organized as follows.
In Section /I, problem formulation is presented. In Section
111, an observer is designed and the observer error systems
are exponentially stable with an arbitrary decay rate. Output
feedback control problem is considered in Section IV, where
the closed-loop control systems are also proved to be expo-
nentially stable with arbitrary decay rate. Some conclusion
and possible future work are given in Section V. Existence,
regularity and invertibility of the kernel function in Section
III are shown from a preliminary state feedback boundary
stabilizing problem in the Appendix.

II. PROBLEM FORMULATION

The problem we are concerned with is stabilizing the
following class of LKdVA with boundary control and non-
collocated observation:

Uy (X,1) =ty (%, 1) + Aot (x,7) + Ay (x, 1) 4+ Aou(x,2),
xe (0,L) 1
ux(0,¢) =A3u(0,1) (2)
Uy (0,1) =A4u(0,1) 3)
u(L,t) =U (1) “)
y(t) =u(0,1), (5)

where u(x,t) € R is the system state, U (¢) is the control input,
y(t) is the measured output, and Ay, A1, A,A3,A4 are known
constants which can take any values. The control objective
is to exponentially stabilize the system to zero in energy
state space, and our control method is through observer-based
boundary output feedback.
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III. OBSERVER DESIGN

With the available measured output data (5), we first
consider designing an observer to recover the full state of
the system (1) — (4).

The following observer is a ”copy of the plant plus output
injection terms’:

0 (X, 1) =lex (2,1) + Apfinr (3, 1) + Ay i (x, 1) + Aodi(x, 1)
—co(x)(u(0,7) —4(0,1)),x L)

€ (0, (6)
i(0,1) =A3u(0,1) — 1 (u(0,7) — 2(0,1)) )
i (0,1) =Aqu(0,2) — c2(u(0,1) — @(0,2)) (®)
a(L,t) =U (1), ©)

where the function co(x) and the constants c;, ¢, are to be
determined.

Denote
i(x,t) =u(x,t)—

a(x,1),

then the observer error system is as follows:

(10)

Gy (x,1) =ilex (%,1) + Apliny (X, 1) + Ay il (x, 1) + Agii(x, 1)

+co(x)i(0,1),x € (0,L) (11)
5.(0,1) —c1ii(0,1) (12)
i (0,1) =c2ii(0,1) (13)
a(L,t) = (14)
Let
V(x,1) = i(x,1)ef”, (15)
where
A2 /3, (16)
then
7 (x,1) =P (x,2) + fla Ve (3, 1) + fy T (3, 2) + fioP(x, 1)
+¢o(x)e*5(0,1),x € (0,L) (17)
ﬁx(OJ) :ﬂSV(Oat) (18)
ﬁxx(ovt) :.a4‘7(0at) 19)
#(L,1) =0, (20)
where
bh=A—-38>0 20
iy =382 — 208+ A (22)
flo=— (82 — M8+ L& —2) (23)
iz =& +c (24)
[y —g2 +2&c; +c. (25)

We would like to find a backstepping transformation:

v(x,1) (26)

— i)~ [ k3 n0)dy

where the kernel function K(x,y) € R is to be determined,
to transform the system (17) — (20) into the following
exponentially stable target system:

( ) —Wxxx( X, )+ﬁ2wxx(x7t)+ﬁ1wx(x>t)+‘70w(xat)a
x€(0,L) 27)
Wx(0,1) =fi3w(0,1) (28)
Wi (0,2) =V4w(0,1) (29)
w(L,t) =0 (30)
where we firstly choose
Vo < mﬂg 4L2 (12738) 31D

then for arbitrarily chosen ¢, choose ¢, such that

1 1 1
22— L&+ (SLAQ‘F 1) &+ (26‘1 — 3L7Ll) 3

3
1 1
— §LV() + 261 Al + L)L() — El] (32)
lastly choose
Vy =y + Yo ; “O
1 1
=—L&+ (11— LA | &8+ ( LA +2¢ | E
38-‘1-( 312)8 —‘r<3 A+ Cl>£
1 . 1
+ gLvo - gL)lo +c2, (33)
thus
fu + 200z — i3 +274 > 0. 34
Remark 1: Exponential stability of system (27) — (30)

with (21),(31),(34) is proved in Theorem 1 of [5], and
the exponential decay rate estimation 41? » — Vo can be
arbitrarily large by choosing Vy small/negative enough.

By calculation and comparison between the systems

(17) — (20) and (27) — (30), the functions &(x,y) and co(x)
need to satisfy
Kior (,) + Kyyy (4, 3) + 2 (K (x,y) — Ky (x, )
+I~‘1(Kx(xa)’)+’<y(xa)’)) - (V()—,a())k(x,y) (35)
K(x,x) =0 (36)
Rulxn) =20 Y0 v 1) 37)
K(L,y)=0 (38)
and
co(x) = [RKyy(x,0) — (fi2 + f13) & (x, 0)
+ ([ + fofis + V) R(x,0)]e . (39)
Let
K(x,y) = K(%.9), (40)
where
¥=L—-y, y=L-x, (4D
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then

co(x) =[Ree(L, L — x) + (fio + fi3)Re(L, L — )

+ ([ + fofiz + Va)K(L,L—x)]|e ¥, (42)
where K(X,7) satisfies
_)E"(X,y) + ’_()_’}7)7(27)7) - .[12( _)?_(xv)_)) - k)_’)_'(xvy))
K(%X) =0 (44)
ke (X, %) = wf (45)
&(%,0) = 0. (46)

The above PDE is in class of (108) — (111) from the
Appendix (with fig, fi1, o, Vo replaced by Lo, 1, — L2, Vo
respectively). Thus, existence, regularity and invertibility of
K(%,¥) and also &(x,y) follow similarly as in Appendix.

Since the transformation (15) is also invertible, the fol-
lowing main theorem can be obtained.

Theorem 1: For any initial data u(-,0),4(-,0) € L*(0,L),
the observer (6) — (9), with constant ¢; arbitrarily chosen
firstly, then constant ¢, chosen from (32),(16),(31) and
lastly function co(x) derived by (42) — (46), (21) — (24), (33),
guarantees that the observer error system (11) —(14) has a
unique (mild) solution

ﬁ('vt) EC([O,OO);LZ(O,L)), (47)
and there exist positive constants M, p such that
(-, 1)l 2(0.0) < Me™P" (-, 0) || 20 1) (48)

Moreover, if ii(-,0) satisfies boundary compatibility condi-
tion, then

i(-,) € C'([0,e0):L(0,L)) (49)
is the classical solution to (11) — (14).

IV. OUTPUT FEEDBACK STABILIZATION
Based on the full state data recovered by the observer
(6) —(9), we now deal with the output feedback stabilization
problem of the system (1) — (5). Consider the observer (6) —
(9) with

L
v = [ KLt Py 50

where the constant € and function k(x,y) are from [5], that
is,

e < /3, (51D
and K(x,y) satisfies
Km(x,y) + Ky}‘y(xd’) + :U'Z(Kxx(xay) - Kyy(x7Y))
+ (ke (x, ) + 15 (x,)) = (ko — Vo) K (x,y) (52)
K(x,x) = U3 —v3 (53)
Rele) = 2B (= va s s~ va (54)

Kyy (,0) — (2 + 13) 16, (x, 0) + (p1 + pa i3 + M4) K(x,0) = 0,
(55)

where

Ho=—€+Me”—hie+ Ao (56)
W =382 —2Me+ A (57)
253 :—38+)~2 (58)
s =+ 13 (59)
Ly =2+ 236+ A4 (60)
and vy, v3, V4 are chosen such that
1
Vo < gzt M +2Up V3 — Vi +2v4 > 0. (61)
Let
P(x,t) = a(x,t)e®, (62)
then

Ve (20,8) =V (20,1) + MoV (X, 1) + 1P (x, 1) + HoV(2x, 1)

—co(x)e*9(0,1),x € (0,L) (63)
ﬁ)c(Ovl‘) :‘U3\;(O,l> +.u5‘7(07t> (64)
Dex(0,2) =pa9(0,1) + e¥(0,1) (65)
L
(L) = [ k(Ly)90: 00y (66)
where

Us :),3 —C1 (67)
Ue 228()»3 —C1)+l4—€2. (68)

Apply the invertible transformation ¥ +— Ww:

X
Wnn) =00 - [Ckiody, ©69)
0

then we get the following class of systems:
W (X,7) =W (X, 1) + U Wx (x,7) + Wi (x, 1) + VoW (x, 1)

X

- [Hs 15, (x,0) — (Halts + ) K (x,0) + co(x)e”

- /OX K(x,y)co(y)egydy] w(0,t),x € (0,L) (70)

We(0,1) =v3w(0,7) 4 vsiw(0,1) (71)

Wy (0,2) =vaw(0,7) + vew(0,1) (72)

Ww(L,t) =0, (73)
where

Vs =Hs (74)

Vo =— (U3 — V3)Us + . (75)

The w-system (27) — (30) and homogenous part of the
w-system (70) — (73) are both exponentially stable. The
interconnection of two systems (W,W) is a cascade, and the
combined system (70) — (73),(27) — (30) is exponentially
stable, which is to be proved.

Consider the Hilbert space

H = L*(0,L) x L*(0,L) (76)
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with an inner product

L
< (f1,81),(f2,82) >=/0 afi(x)fa(x) + g1(x)g2(x)dx,
V(f1,81),(f2,82) € H, (77)

where a > 0 is a constant to be determined.
Define the system operator A : D(A)(C H) — H as fol-
lows:

Alfg) = (£ +baf"+ i f + vof

- [us K(6,0) — (ot + o) K(x,0) + co(x)e™

— /Ox K(x,¥y)co (y)esydy] 8(0),

"+ g + g +vog) v(f,8) € D(A), (78)
{(f.g) € H*(0,L) x H*(0, L)|f(L) g(L) =0,
J1(0) = v3£(0) + vsg(0),¢'(0) = f13¢(0),

J"(0) = va f(0) + vg(0),8" (0) =V4g(0)}7 (79)

then the (W,w)-system (70) — (73), (27) — (30) can be written
as an evolution equation in H:

D(A) =

d(w(,),%(1)) = A(D(-,1),W(-,1)).

80
7 (80)
Lemma 1: 1If
1
(1 Vi V4 )eDlL 0 #£0,
0
1
(1 s v )™ 0o | #0, 81)
0
where
0 0 —v 00 —W
Di=(10 - |,Do=[10 - |, &
0 1 —mw 01 —fip

then A~! exists and is compact on H. Hence, 6(A), the
spectrum of A, consists of isolated eigenvalues only.
Let (f,g) € D(A), then

Re <A(f, )(f7 ) >

02L
<a(vo—

L21u2+ )”f”LZ 0,L)

+ (Vo — Eﬂz)ﬂgﬂy(o.m

1
—a(Va+ Vs — Vi + FH— (Vo + 2vs)*m2) | £(0)[*
- - . 1 ) 1. 2 1 2
(V4 + fiafi3 S5 + St a(vs +mi + 4m2))|g(0)\
(33)
where
6= sup (Hsky(x,0) — (2 ts + o) K (x,0) + co(x)e™
<x<L

- /0 K(x,y)co(y)edy (84)

and the constants m; > 0,m; > 0 are to be determined.
First choose

6°L

_ 85
>[,L2/4L2—V0 ®5)

2.1
0<m2<V4+H2V3 V3+2H1, (86)

(Ve + m2vs)?
then choose

Va+ flofiz — L2 + L

0<a< 4+ U3 — 7 U3 2/*117 (87)

2 1
VS +mp + ﬁ
we get

Re <A(f,8),(f.8) >< —pll(f.8)llfs. V(f.g) € D(A),

(88)
where

1 0L 1

=min{ —s M —Vo——, —5f—Vo,>0. (89

P mm{w“z Oy a2 0} ®)

We will drop the subscripts from the norms being used in
the sequel when clear from the context.

Lemma 2: A is dissipative in H, and A generates a Cp-

semigroup eA’ of contractions in H. For each A € o(A),

Rel < 0.
Define a Lyapunov function

a, . 1, .
Vlt) = SIC,0 R+ S 10l

then we can get

(90)

V(1) < — 20Viu(1).

Since A generates a Cy-semigroup ¢, this semigroup must
be exponentially stable.

Theorem 2: A generates an exponentially stable Cyp semi-
group on H. For any initial data (W(-,0),w(-,0)) € H, there
exists a unique (mild) solution to the transformed (W,w)-

oD

system (70) — (73), (27) — (30) such that
(W), w(:,1)) € C([0,00); H), (92)
and
[GPC 1), ()l < e P OR(-, 0),w(- 0. (93)
Moreover, if (w(-,0),w(-,0)) € D(A), then
(3(1),%(1)) € C'([0,0);H) (94)

is the classical solution.

From invertibility of the transforms (15),(26),(62),(69),
this following main theorem holds.

Theorem 3: For any initial data (u(-,0),4(-,0)) € H, there
exists a unique (mild) solution to the closed-loop (u,)-
system (1) —(5),(6) — (9) (in which constant c; is arbitrarily
chosen firstly, then constant c¢; is chosen from (32), (16), (31)
and lastly function co(x) is derived by (42) — (46),(21) —
(24),(33) ) with the controller determined from (50) — (61),
such that

(”('at)’ﬁ('at)) EC([O"”);H)) 95)
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and there exists a positive constant M, such that

H (”('>t>7 ﬁ(>t))|| < MueiptH (u(~,0),ﬁ(-,0))||. (96)

Moreover, if (u(-,0),4(-,0)) satisfies the boundary compati-
bility condition, then
(u('at)vﬁ('at))ecl([ovoo);H) o7
is the classical solution.
Remark 2: p is an exponential decay rate estimate, which

can be arbitrarily large by choosing Vg, Vo small enough and
then choosing m; large enough.

V. CONCLUSION AND FUTURE WORK

A control design for stabilizing a class of LKdVA is pre-
sented, by means of the non-collocated boundary feedback.
An arbitrary exponential decay rate of the resulting closed-
loop control systems is achieved.

For future work, subclasses of LKdVA which are Riesz
spectral systems are to be considered, for which more useful
results might be derived. Also, stabilization of the linearized
KdV systems with spatially varying coefficients can be an
interesting problem. Another problem is stabilization for the
case when some coefficients of the systems are unknown.

APPENDIX

Consider the following subclass of LKdVA

Ve(x,7) =Viere(2,1) + o vie (X, 1) + v (x,2) + tov(x,1),

x€(0,L) (98)
v(0,2) =0 99)
vx(0,7) =0 (100)
v(L,t) =V (t) (101)

and an exponentially stable target system

Wi (x>t) :Wxxx(xat) + N2Wxx(x7t) +.ulwx(x7t) + VoW(x,l‘),

xe(0,L) (102)

w(0,1) =0 (103)

w(0,1) =0 (104)
w(L,t) =0, (105)

which can be derived from [5] by choosing v = u;, v, =
U2, v3 = Uz and taking a critical case of V4 = 4 = +oo. Here
Uo, 1 are arbitrary known constants and

1
> — .
Uy > 0,vp < il (106)

In order to obtain the state feedback controller, we use the
proposed transformation v — w:

w(x,t) =v(x,t) — /Oxk(x,y)v(y,t)dy (107)

with the kernel function k(x,y) € R to satisfy:

R (X,3) 4 Kyyy (26, 3) 4 a2 (Kax (X, ) — Ky (%, 7))

+ 1 (ke (x,y) +ky(x,)) = (o — Vo)k(x,y)  (108)
k(x,x)=0 (109)
ke (x,%) = @x (110)
k(x,0) =0, (111)

which is the corresponding special case of (57) — (60) in [5].
Thus, the following lemma holds:

Lemma 3: The system of equations (108) — (111) has a
unique C? solution, and the system of equations for kernel
function I(x,y) of the inverse transformation w — v:

X
v(x,1) = w(x,1) +/O 1(x,y)w(y,1)dy, (112)
also has a unique C* solution.

From continuity of the transformations (107),(112) and
exponential stability of the system (102) — (105), the fol-
lowing lemma holds.

Theorem 4: For any initial data v(-,0) € L?(0,L), there
exists a unique (mild) solution to the closed-loop system
(98) — (101) (where po, y; are arbitrarily chosen, and iy,
Vo are chosen from (106)) with the controller

Vi) = [ KLy a13)
such that

v(-,t) € C([0,00);L*(0,L)), (114)
and there exist positive constants M,, p, such that

() < Mye P [v(-, 0)]. (115)

Moreover, if v(+,0) satisfies the boundary compatibility con-
dition, then

v(-,t) € C'([0,00);L*(0, L)) (116)

is the classical solution.
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