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Abstract— This paper is concerned with state estimation for
systems governed by partial differential equations. Kalman
filters are optimal state estimators in that they minimize the
estimation error variance for given measurements. The focus
of this paper is the achievement of additional minimization of
the error variance by also optimizing over the sensor design.
The optimal sensor design problem is thus incorporated into
the estimation problem. Not only the sensor location but also
other factors such as sensor shape and the effect of the
sensors on system dynamics are included in the optimization
criteria. The problem is first stated formally, and then it is
shown to be well-posed and to possess an optimal solution.
Applications to a one-dimensional diffusion equation and also
to a two-dimensional wave equation are given. A computational
framework for calculation of optimal shape is described.

Index Terms— distributed parameter systems, infinite-
dimensional systems, optimal sensor design, optimal estimation,
Kalman filter,

I. INTRODUCTION

Estimator design arises in many applications. For esti-

mation of distributed parameter systems, such as flexible

structures and acoustic noise, there is choice of both the types

and locations of sensors used in estimation. The development

of smart materials [1] means that shape design is also

possible. It is now understood from various examples that

the performance of an estimator is affected by the number,

locations and distribution of the sensors; see for example, [9],

[11], [14]. Optimal sensor placement has been considered for

decades, the first theoretical analysis is possibly [3]. See also

[7] for optimal damping design in second order systems; [6];

and the review articles [8], [12], [21].

One family of approaches for sensor design optimization

considers open-loop measures of performance. Often the

observability of the system, quantified by a cost function

related to the observability grammian, is maximized. The

dual problem is actuator design optimization to maximize

controllability, and there are several shortcomings with using

the open-loop metrics in either problem. One drawback is

that calculation relies on finite-dimensional approximations

which in many cases are not convergent. First, a spillover-

type phenomenon can occur where the best location for one

approximation is very poor for a higher order approximation.

See [18] for an example of spillover with the wave equation.

The same issue is examined in [23] for the dual problem of

maximizing controllability in a structure by actuator place-

ment. This can be addressed by restricting the observation
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and optimizing over a finite-dimensional or other compact

space; see for example [19]. Another major disadvantage

with optimizing an open-loop criterion such as observability

is that this approach does not in general leads to the best

estimator performance. For instance, in the dual case of

actuator location optimization, even if a finite-dimensional

approximation of the partial differential equations (PDEs)

is regarded as the true model, the locations calculated using

the criterion of optimal controllability are not generally those

with the best closed-loop control performance; see [23].

In recent years, results for concurrent optimal controller

design and actuator location have been obtained. Conditions

for well-posedness of the optimal linear-quadratic problem,

along with conditions for using finite-dimensional approx-

imations in computation are given in [15]. A numerical

scheme for finding the global minimum of simultaneous

optimal linear-quadratic (LQ) controller design and actuator

location is described in [5]. Similar conditions have been

obtained for H2 control/actuator location [16] and also

for the H∞-problem [10]. These results were extended to

general actuator design with quadratic performance in [17].

If a criterion such as minimizing the error covariance

is used to design the estimator, using the same criterion

in sensor design leads to consistent design optimization.

The well-known Kalman filter for estimation minimizes the

covariance between the estimated and true state. In [22]

estimator design was considered on a finite-time interval

with the sensors optimized over a set of possible locations.

This result was generalized to infinite time in [24]. A

computational framework for calculation of optimal sensor

locations is given. The paper [24] also considers the issue of

the number of sensors and their quality.

This paper considers concurrent optimal estimator and

sensor design. Here, the approach in [22], [24] is extended

to consider minimum error estimation where the form of

the observation operator is not assumed to be fixed. That

is, the shape as well as the location and number of the

sensors is variable. Another generalization is that effect of

the sensors on the system mass and dynamics is included in

the problem formulation. The framework is illustrated with

several examples.

II. PROBLEM FORMULATION

For the purpose of optimal state estimation the optimal

sensor design problem in this paper includes not only op-

timization of the sensor location, but also optimization of

other factors such as the sensor shape. Let Ωo indicate the

set of possible sensor designs and let r ∈ Ωo a particular

design. In the case of sensor location, Ωo is the set of possible
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locations. In the more general case, it is a set of functions

that represent the allowable shapes of the sensors, as well as,

indirectly, their number and locations. This leads to a family

of observation systems indexed by the parameter r ∈ Ωo:

ż(t) = A(r)z(t) +Gw(t), t ≥ 0, (1)

z(0) = z0, (2)

y(t) = C(r)z(t) +Hv(t), t ≥ 0, (3)

where z(t) is the system state variable. The process noise

w(t) and the measurement noise v(t) are uncorrelated and

are both assumed to be Gaussian white noise, with covari-

ances Q ≥ 0 and R > 0 respectively. It thus holds that

E[w(t)w(τ)T ] = Qδ(t− τ), (4)

E[v(t)v(τ)T ] = Rδ(t− τ), (5)

E[w(t)v(τ)T ] = 0, (6)

where δ is the Dirac delta distribution. Moreover, the initial

condition z0 is assumed to be uncorrelated to both w and v.

The initial state z0 is a Z-valued Gaussian random variable,

with zero mean value and covariance P0. This implies that

the nuclear norm

||P0||1 = E{||z0||2} < ∞

[4, Definition 5.2]. The state space Z is a separable Hilbert

space; the disturbance spaces W and V and the observation

space Y are finite-dimensional Hilbert spaces.

For any parameter r ∈ Ωo,

(A1) (i). A(r) : D(A(r)) ⊂ Z → Z is the infinitesimal

generator of a strongly continuous (C0) semigroup

in Z , denoted by etA(r);

(ii). there exist constants ω0 ∈ R and c0 ≥ 1,

independent of r, such that for all r ∈ Ωo and

t ≥ 0, ‖etA(r)‖ ≤ c0e
ω0t;

(A2) G ∈ L(W,Z), C(r) ∈ L(Z,Y).

Note that the effect of the sensors on the dynamics of the

system is included in the model. Not only does the output

operator C depend on the sensor design r, but the system

operator A and its domain may also depend on r.

Consider a general infinite-dimensional filter [4], [20]:

˙̂z(t) = A(r)ẑ(t) +K(t; r)(y(t)− C(r)ẑ(t)), t ≥ 0, (7)

ẑ(0) = 0, (8)

where K(t; r) ∈ L2(0,∞;U) is the filter gain to be deter-

mined. For any finite t ≥ 0, based on the noisy measured

output {y(t); 0 ≤ s ≤ t} in (3), the objective here is to

choose the sensor design and filter K(t, r) that optimizes a

particular criterion. For a fixed observer design r, the Kalman

filter minimizes the estimation error variance.

Theorem 1 [4] Consider a fixed r ∈ Ωo. Let [0, tf ] be a
finite time interval and the operator Π(t; r) ∈ Z) the unique,
self-adjoint, non-negative solution the following differential

Riccati equation (DRE):

< Π̇(t; r)h1, h2 >=< [A(r)Π(t; r) + Π(t; r)A∗(r)

−Π(t; r)C∗(r)R−1C(r)Π(t; r) +GQG∗]h1, h2 >Z ,
∀h1, h2 ∈ D(A∗), t ∈ (0, tf), (9)

Π(0; r) = Π0(r). (10)

Then, for the estimate ẑ∗(t) obtained from (7)–(8) with the
filtering gain

K(t; r) = Π(t; r)C(r)∗R−1, (11)

where Π(t; r) is the solution to (9)–(10), it holds that the
estimation error covariance

E{(z(t)− ẑ∗(t))(z(t)− ẑ∗(t))T } = Π(t; r), (12)

where the true value z(t) is the solution to (1)–(2) with the
initial datum z0. Moreover, ẑ∗(t) is the optimal estimate for
z(t) in the sense that for each h ∈ Z
E{< z(t)− ẑ∗(t), h >2

Z} = min
ẑ

E{< z(t)− ẑ(t), h >2
Z},

where the minimum is taken over all estimates ẑ(t) of the
form (7)–(8), , with K(t; r) strongly continuous in time on
[0, tf ]. Also,

‖Π(t; r)‖1 = E{‖z(t)− ẑ∗(t)‖2Z}
= min

ẑ
E{‖z(t)− ẑ(t)‖2Z}, (13)

where ‖ · ‖1 indicates the nuclear norm.

As time approaches infinity, under certain conditions, the

finite-time Kalman filter converges to a time-invariant filter,

called the steady-state Kalman filter:

˙̂z(t) = A(r)ẑ(t) +K(r)(y(t)− C(r)ẑ(t)), t ≥ 0, (14)

ẑ(0) = ẑ0. (15)

Definition 1 A C0-semigroup T (t) on a Hilbert space X is
exponentially stable if there exist positive constants c and ω
such that

‖T (t)‖X ≤ ce−ωt, t ≥ 0.

A family of C0-semigroups {Tr(t)}, r ∈ Ωo on X is uni-

formly exponentially stable if there exist positive constants
c and ω, independent of r, such that

‖Tn(t)‖X ≤ ce−ωt, t ≥ 0, ∀r ∈ Ωo.

Definition 2 For a fixed r ∈ Ωo, the pair
(
A(r), G(r)Q1/2

)
is exponentially stabilizable if there exists an operator
K(r) ∈ L(Z,W) such that A(r)−G(r)Q1/2K(r) generates
an exponentially stable semigroup; that is, for this operator
K(r), there exist positive constants c and ω such that

‖et(A(r)−G(r)Q1/2K(r))‖L(Z) ≤ ce−ωt, t ≥ 0.

The family of operators
(
A(r), G(r)Q1/2

)
is uniformly

exponentially stabilizable with respect to r ∈ Ωo if the
constants c and ω are independent of r and if the operator
K(r) is uniformly bounded with respect to r.
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Definition 3 For a fixed r ∈ Ωo, the pair
(
A(r), C(r)

)
is

exponentially detectable if there exists an operator L(r) ∈
L(Y,Z) such that A(r)− L(r)C(r) generates an exponen-
tially stable C0-semigroup; that is, for this operator L(r),
there exist positive constants c and ω such that

‖et(A(r)−L(r)C(r))‖L(Z) ≤ ce−ωt, t ≥ 0.

The family of operators
(
A(r), C(r)

)
is uniformly exponen-

tially detectable with respect to r ∈ Ωo if the constants c and
ω are independent of r and if the operator L(r) is uniformly
bounded with respect to r.

Theorem 2 [24, Theorem 2.6] Assume that for a fixed
r ∈ Ωo, (A(r), GQ1/2) is exponentially stabilizable and
(A(r), C(r)) is exponentially detectable. If both the spaces
W and Y are finite-dimensional, then there exists an optimal
filter gain K(r) ∈ L2(U) and a corresponding optimal
estimate ẑ such that

lim
t→∞E{‖z(t; r)− ẑ(t; r)‖2}
= min

ž
lim
t→∞E{‖z(t; r)− ž(t; r)‖2}, (16)

where z(t; r) is the solution to (1)–(2) with the initial datum
z0, and ẑ(t; r) is the solution to (14)–(15) with the initial
datum ẑ0 and the optimal filter gain

K(r) = Πss(r)C(r)∗R−1, (17)

where the self-adjoint, non-negative operator Πss(r) ∈ L(Z)
is the unique non-negative solution the following algebraic
Riccati equation (ARE):

< [A(r)Πss(r) + Πss(r)A
∗(r)

−Πss(r)C
∗(r)R−1C(r)Πss(r) +GQG∗]h1, h2 >Z

= 0, ∀h1, h2 ∈ D(A∗(r)). (18)

The operator Πss(r) is nuclear and

lim
t→∞ ‖Π(t; r)−Πss(r)‖1 = 0. (19)

Moreover, A(r)−Πss(r)C(r)∗R−1C(r) generates an expo-
nentially stable C0-semigroup, with the optimal estimation
error variance

‖Πss(r)‖1 = lim
t→∞E{‖z(t; r)− ẑ(t; r)‖2}. (20)

For simplification, the subscript “ss” is deleted from

Πss(·) in the sequel, and equation (18) is written

A(r)Π(r) + Π(r)A∗(r)

−Π(r)C∗(r)R−1C(r)Π(r) +GQG∗ = 0, (21)

with the understanding that it holds on D(A∗(r)).

III. EXISTENCE OF AN OPTIMAL SENSOR DESIGN

The sensor design is now taken into consideration as part

of minimizing the estimation error covariance. Let the set

Ωo of admissible designs be endowed with a topology, with

respect to which the convergence of sequences in Ωo and

compactness are considered.

The following theorem is the main result of this paper. It

provides sufficient conditions for the existence of an optimal

sensor design. The proof can be found in [17].

Theorem 3 Assume that (A1), (A2) hold and that
(A3) the set Ωo is sequentially compact;
(A4) the pairs of functions

(
A(r), GQ1/2

)
are uniformly

exponentially stabilizable with respect to r ∈ Ωo;
(A5) the pairs of functions

(
A(r), C(r)

)
are exponen-

tially detectable for at least one r ∈ Ωo;
(A6) for any r ∈ Ωo and for any sequence {rn} ⊂ Ωo

that converges to r ∈ Ωo,

lim
n→∞ ‖C(rn)− C(r)‖Z,Y) = 0,

and moreover, for each z ∈ Z ,
(i) lim

n→∞ ‖etA(rn)z − etA(r)z‖Z = 0,

(ii) lim
n→∞ ‖etA(rn)

∗
z − etA(r)∗z‖Z = 0

uniformly in t on bounded intervals of time.
Then there exists an optimal sensor design r̂ ∈ Ωo for the
system (1)–(3) such that

‖Π(r̂)‖1 = min
r∈Ωo

‖Π(r)‖1, (22)

where Π(r) is the solution to (21) for each r ∈ Ωo.

Example: Diffusion equation

Consider the following one-dimensional diffusion equation⎧⎪⎪⎪⎨
⎪⎪⎪⎩

zt(t, x) = zxx(t, x) + g(x)w(t), (t, x) ∈ (0,∞)× (0, 1),

z(t, 0) = z(t, 1) = 0, t ∈ [0,∞),

z(0, x) = z0(x), x ∈ [0, 1],

y(t) =
∫ 1

0
r(x)z(t, x)dx+ v(t).

(23)

This equation can be used to describe the thermal diffusion

along a rod of length 1 with zero temperature at the two ends.

The state z denotes the temperature subject to a process noise

w(t) with the spatial distribution g(x); and the output y ∈ R

denotes the corresponding available measurement from one

sensor subject to a sensor noise v(t). The disturbances w
and v are real-valued white Gaussian noises, with variances

Q and R respectively. The initial condition z0 and the noises

w(t), v(t) are assumed to be mutually uncorrelated. The

objective is to find the optimal sensor shape described by

r(x) over the spatial interval [0, 1], which together with the

corresponding infinite-time Kalman filter achieves minimum

estimation error covariance.

Set

Ωo :=
{
r(x) ∈ BV (0, 1); |r(x)| ≤ r̄, TV (r) ≤ M

}
,

where BV (0, 1) denotes the set of functions of bounded

variations on (0, 1), r̄,M are positive constants and TV (r)
denotes the total variation of r. From Helly’s selection

theorem in Banach spaces [2, Theorem 1.126], the set Ωo

is sequentially compact in the following sense: for any

sequence in Ωo, there is a subsequence that converges

pointwise for x ∈ (0, 1) to a function in Ωo. Assumption

(A3) is thus satisfied.
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Let the state space Z = L2(0, 1), and define the operator

A : D(A) → Z as

Af = f ′′,

with the domain

D(A) = {f ∈ H2(0, 1); f(0) = f(1) = 0} ⊂ Z. (24)

For any r ∈ Ωo, define the output operator C(r) ∈ L(Z,Y)
to be

C(r)f :=< r, f >Z , ∀f ∈ Z. (25)

The model (23) can be then written into the following

abstract form:

ż(t) = Az(t) +Gw(t), z(0) = z0, t ≥ 0, (26)

y(t) = C(r)z(t) + v(t), (27)

where

Gw = g(x)w ∈ Z, (28)

v(t) ∈ Y, t ≥ 0. (29)

It is well-known that A generates an exponentially stable

semigroup, and thus Assumptions (A1), (A4) and (A5) are

immediately satisfied. Moreover, by the definition of G in

(28) and of C(r) in (25) respectively, Assumptions (A2)
and (A6) are satisfied. Hence, it follows from Theorem 3

that there exists an optimal shape for the sensor distribution,

the cost functional being the estimation error variance with

infinite-time Kalman filtering.

Example: Wave equation

Consider the two-dimensional wave equation⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ztt(t,x) = Δz(t, x) + g(x)w(t), (t,x) ∈ (0,∞)× Ξ,

z(t,x) = 0, (t,x) ∈ [0,∞)× Γ0,
∂z
∂ν (t,x) = −azt(t,x), (t,x) ∈ [0,∞)× Γ1,

z(0,x) = z0(x), zt(0,x) = z1(x),x ∈ Ξ,

y(t) =
∫
Ξ
r(x)z(t,x)dx+ v(t),

(30)

where a > 0 is a constant. The spatial variable x =
(x1, x2)

T , the spatial domain

Ξ = {x ∈ R
2; 1 < x2

1 + x2
2 < 4} (31)

is an Euclidean annulus, and the boundary of Ξ

∂Ξ = Γ0 ∪ Γ1,

with

Γ0 = {x ∈ R
2;x2

1 + x2
2 = 1},

Γ1 = {x ∈ R
2;x2

1 + x2
2 = 4}.

The state z is subject to a process noise w(t) with the

spatial distribution g(x); and the output y ∈ R denotes

the corresponding available measurement from one sensor

subject to a sensor noise v(t). The disturbances w and v
are real-valued white Gaussian noises, with variances Q and

R respectively. The initial condition z0, z1 and the noises

w(t), v(t) are assumed to be mutually uncorrelated. The

objective, as the previous example, is to find the optimal

sensor shape described by r(x) over the spatial region Ξ,

that together with the corresponding infinite-time Kalman

filter achieves minimum estimation error covariance.

Set

Ωo :=
{
r(x) ∈ L∞(Ξ); r ≤ r(x) ≤ r̄,

∫ 1

0

r(x) dx ≤ M
}
,

where r, r̄,M are constants. The set Ωo is sequentially

compact in in the weak-star topology on L∞(Ξ). Assumption

(A3) is thus satisfied.

Define the state space Z = H1(Ξ)×L2(Ξ), with the usual

inner product〈
(f1, g1)

T , (f2, g2)
T
〉
Z

:=

∫
Ξ

(∇f1(x)∇f2(x) + g1(x)g2(x)) dx. (32)

Define the operator A : D(A) → Z as

A(f, g)T = (g,Δf)T ,

with the domain

D(A) = {(f, g)T ∈ H2(Ξ)×H1(Ξ);(
∂f

∂ν
+ ag

) ∣∣∣∣
Γ1

= f |Γ0
= 0} ⊂ Z. (33)

For any r ∈ Ωo, denote the output operator C(r) ∈ L(Z,Y)

C(r)f :=< r, f >Z , ∀f ∈ Z. (34)

The model (30) can be then written in the following abstract

form:

ż(t) = Az(t) +Gw(t), z(0) = (z0, z1)
T , t ≥ 0, (35)

y(t) = C(r)z(t) + v(t), (36)

where G ∈ L(W,Z) and

Gw(t) = g(x)w(t) ∈ Z, (37)

v(t) ∈ Y, t ≥ 0. (38)

The operator A generates an exponentially stable semi-

group, see [13, Page 668], and thus Assumptions (A1), (A4),
(A5) are immediately satisfied. Moreover, by the definition

of G in (37) and of C(r) in (34) respectively, Assumptions

(A2) and (A6) are satisfied. Hence, Theorem 3 guarantees

the existence of an optimal shape for the sensor distribution.

IV. CALCULATION OF OPTIMAL SENSOR DESIGN

For an infinite-dimensional system, an explicit solution

Π(r) to the ARE (21) is in general not available. In prac-

tice, approximation methods are used, which convert the

original infinite-dimensional problem into finite-dimensional

problems.

Consider finite-dimensional subspaces {Zn} of Z , where

n ∈ N
+ indicates the dimension, with {Pn} the orthogonal

projection of Z onto {Zn}. The space {Zn} is equipped with

the inner product inherited from Z. The infinite-dimensional

system (1) – (2) can be approximated by a finite-dimensional

system using the Galerkin method. This leads to sequences
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of operators An(r) ∈ L(Zn,Zn), Gn = PnG ∈ L(W,Zn),
Cn(r) := C(r)|L(Zn,Y):

ż(t) = An(r)z(t) +Gnw(t), t ≥ 0, (39)

z(0) = z0,n = Pnz0, (40)

yn(t) = Cn(r)z(t) +Hv(t), t ≥ 0 (41)

that approximate (1) – (2) on Zn.
Since for any n ∈ N

+, Zn is also complete and therefore

a Hilbert space, the results in Section III can be applied to

the approximating system as well. Suppose that assumptions

(A1)- (A6) are satisfied for the original problem on Z. Then

assumptions (A1)- (A3) are also satisfied by the approxima-

tion problems. Assume in addition that for each n ∈ N
+,

(A9) the pairs of functions (An(r), GnQ
1/2) are uni-

formly exponentially stabilizable with respect to

r ∈ Ωo;

(A10) the pairs of functions (An(r), Cn(r)) are exponen-

tially detectable for at least one r ∈ Ωo;

(A11) for any n ∈ N
+, for any r ∈ Ωo and for any

sequence {rm} ⊂ Ωo that converges to r ∈ Ωo,

lim
n→∞ ‖Cn(rm)− Cn(r)‖L(Zn,Y) = 0,

and moreover, for each z ∈ Z ,

(i) lim
n→∞ ‖etA(rn)z − etA(r)z‖Z = 0,

(ii) lim
n→∞ ‖etA(rn)

∗
z − etA(r)∗z‖Z = 0

uniformly in t on bounded intervals.

It follows immediately from Theorem 3 that there exists an

optimal sensor design r̂n in the sense of minimizing the

error variance. More precisely, the minimum cost for the

approximating problems is

‖Πn(r̂n)‖1 = min
r∈Ωo

‖Πn(r)‖1, (42)

where for each r ∈ Ωo, Πn(r) is the unique non-negative

solution X(r) ∈ L(Zn,Zn) to the finite-dimensional ARE

An(r)X(r) +X(r)A∗
n(r)−X(r)C∗

n(r)R
−1Cn(r)X(r)

+Gn(r)QGn(r)
∗ = 0. (43)

Under conditions (A9)-(A11) on the approximation scheme,

for fixed r,

lim
n→∞ ‖Πn(r)−Π(r)‖1 = 0.

(See [15][Thm. 3.8].) These conditions also imply conver-

gence of the approximating minimium variance and sensor

locations for the more restrictive problem of sensor location

with no effect of the sensors on the system dynamics

[24][Thm. 4.2]. It is anticipated that, under similar conditions

on the approximation scheme, the optimal solutions Πn(r̂n)
converge to Π(r̂) where Π(r̂) indicates the solution to the

ARE (21) with r̂ satisfying (22). That is, letting r̂ ∈ Ωo indi-

cate the the optimal sensor design for the (A(r), G,C(r))–
problem there is a sequence of optimal sensor designs

{r̂n} ⊂ Ωo for the approximating (An(r), Gn, Cn(r))–
problems such that

lim
n→∞ ‖Πn(r̂n)‖1 = ‖Π(r̂)‖1. (44)

V. CONCLUSIONS

The well-known Kalman filter minimizes the steady-state

error variance of an estimator for a linear system under

certain conditions on the noise. In this paper, minimum

variance filter design for distributed parameter systems was

combined with optimization of the sensor design. This is a

generalization of the sensor location problem that includes

sensor shape as well as location. The framework also allows

for the effect of sensor mass and dynamics on the system

dynamics. Provided that the admissible set is formulated

so as to be sequentially compact in some topology, not

necessarily the norm topology, an estimator that minimizes

the error variance over possible filters and over possible

sensor design exists. The result was illustrated with several

examples.

It is anticipated that approximation algorithms [15] can

be used in the calculation of optimal sensor design and the

corresponding optimal cost. Convergence of the cost and the

optimal sensor need to be established as the approximation

order is increased. Current research is concerned with estab-

lishing sufficient conditions for approximations under which

this convergence is guaranteed, and in the construction of a

suitable algorithm.
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[18] Y. PRIVAT, E. TRÉLAT, AND E. ZUAZUA, Optimal observation of
the one-dimensional wave equation, Jour. of Fourier Analysis and
Applications, 19 (2013), pp. 514–544.

[19] , Optimal shape and location of sensors for parabolic equa-
tions with random initial data, Archive for Rational Mechanics and
Analysis, 216 (2015), pp. 921–981.

[20] D. SIMON, Optimal state estimation: Kalman, H∞, and nonlinear
approaches, John Wiley & Sons, 2006.

[21] M. VAN DE WAL AND B. DE JAGER, A review of methods for
input/output selection, Automatica, 37 (2001), pp. 487–510.

[22] X. WU, B. JACOB, AND H. ELBERN, Optimal control and observation
locations for time-varying systems on a finite-time horizon, SIAM J.
Control and Optim., 54 (2015), pp. 291–316.

[23] S. D. YANG AND K. A. MORRIS, Comparison of actuator placement
criteria for control of structures, Journal of Sound and Vibration, 353
(2015), pp. 1–18.

[24] M. ZHANG AND K. MORRIS, Sensor choice for minimum error
variance estimation, IEEE Transactions on Automatic Control, (2017).

69



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


