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Stabilization of Linearized Korteweg-de Vries Systems
with Anti-diffusion

Shuxia Tang and Miroslav Krstic

Abstract—In this paper, backstepping boundary controllers
are designed for a class of linearized Korteweg-de Vries systems
with possible anti-diffusion, and the resulting closed-loop sys-
tems can achieve arbitrary exponential decay rate. Semigroup
of linear operators is constructed in analyzing well-posedness
and stability of the target systems, and mathematical induction
is used in proving existence of kernel functions. An example is
also presented, which illustrates performance of the controller.
The decay rate estimate derived in this paper is not necessarily
equal to decay rate, which can be seen from the appendix.

Index Terms— Linearized Korteweg-de Vries systems; Anti-
diffusion; Backstepping; Arbitrary exponential decay rate;
Semigroup of linear operators.

I. INTRODUCTION

Korteweg-de Vries equation (KdV equation for short) is a
nonlinear partial differential equation (PDE for short) of third
order, which can be used to model waves on shallow water
surfaces and ion-acoustic waves in plasmas. Controllability
and stabilization of KdV equations are topics of active
research (see, e.g., [1], [2], [3]). This paper is devoted to
stabilizing a class of linearized KdV systems with possible
anti-diffusion by backstepping boundary control.

The method of backstepping can be used for stabilizing
unstable PDE systems. For example, in [4], [5], [6], back-
stepping boundary controllers are designed for some unstable
parabolic, hyperbolic and even complex-valued PDEs, etc,
and the resulting closed-loop control systems are exponen-
tially stable.

Arbitrary exponential decay rate is desirable in engineer-
ing, which has also obtained much attention from scientists
(see, e. g. [7], [8], [9], [3]). One elegant method to analyze
stability of PDE systems is through applying theory of
semigroups of linear operators (see, e. g, [10], [11]).

This paper is organized as follows. In Section /I, problem
formulation is presented. Well-posedness and exponential
stability with arbitrary decay rate of a class of target systems
are analyzed and proved in Section [II, where theory of
semigroups of linear operators is applied. In Section IV,
existence of kernel functions for backstepping boundary
controllers is proved by mathematical induction, and direct
and inverse transformation between the v-system and w-
system are derived. Then, exponential stability with arbitrary
decay rate of the resulting closed-loop control systems is
proved. Moreover, an example is presented in Section V.
Some conclusion and possible future work are given in
Section VI. Exponential decay rate estimate derived in this
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paper is not necessarily equal to decay rate, as can be seen
from Appendix .

II. PROBLEM FORMULATION

Consider the following class of linearized KdV control
systems with anti-diffusion

Uy (X,1) =ty (%, 1) + Aot (x,7) + Ay 1y (x,7)

+ Aou(x,t),x € (0,L) (1)

u,(0,7) =A3u(0,¢) (2)
xx(0,1) =A4u(0,1) 3)
u(L,t) =U(t). 4)

Remark 1: Ao, A1,A2,A3,A4 can take any values. We call
this class of systems “with anti-diffusion” only to emphasize
that A, is allowed to be negative.

Let

v(x,t) = u(x,)e, (5)

where € is to be determined later, then we get the following
systems

Vi ()C,l) :Vxxx(xat) +u2vxx(x>t) + [J,]VX(X,I)

+ tov(x,t),x € (0,L) (6)
v(0,1) =p3v(0,1) @)
Ve (0,7) =p4v(0,1) €]
v(L,t) =V (1), )
where
to=—¢&>+ &% —Aie+ A (10)
w =3e> —20e+ A (11)
W ==3e+1 (12)
U3 =€+ 23 (13)
Uy =2+ 2036+ A4 (14)
V(t) =U(t)er. (15)
III. TARGET SYSTEM
Consider the following class of target systems

Wi (X,7) =Wy (X,7) + Vowye (x,7) + Viwy (x,1)
+ vow(x,1),x € (0,L) (16)
wy(0,7) =v3w(0,1) 17
wir (0,2) =vaw(0,1) (18)
w(L,t) =0, (19)
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where

ivz. (20)
Remark 2: The system of inequalities (20) is a sufficient

but not necessary condition for the target systems (16) —

(19) to be exponentially stable. Moreover, from what will

be stated later in Section IV, we will choose

vy 20, v +2v2v3—v32+2v4 >0, o<

Vi = U1, V2 = . 2n

There are two ways of making design choices for the
parameters in order to satisfy (20) and (21):

(1). First choose a € < A,/3 such that y, > 0. Then, choose
Vg, V3, V4 such that

1
Vi+2vvs — VI 2V >0, vy < TR (22)
where v; and v, are known.

(2). First choose any vs3,Vv4, then choose & from the

following system of inequalities:

—3e+ A

0 (3
32 — 2(A+3vs)e+ A1 +24v3 — V32 +2v4 >0

>
=20, @4

which always has solutions. Thus, v;,Vv, are known. Last,
choose

1

Vo < —5Wa. 25
0 < 777%2 (25)

To establish stability and well-posedness for this class of
systems, consider the state Hilbert space H = L?(0,L). Define
the system operator <7 : D(%7)(C H) — H as follows:

Af=f"+wnf+vif +wf¥feD(), (26)
D(e7) = {f € H*(0,L) | f'(0) =3/ (0),
£7(0) = va f(0), £(L) = 0},

then the system (16) — (19) can be written as an evolution
equation in H:

27

dW('at)

= (). (28)
1
Lemma 1: If (1 v3 vy )ePt| 0 is nonzero,
where !
0 0 —v
p={10 -v |, (29)
0 1 —Vs

then o/~ exists and is compact on H. Hence, o(%7),
the spectrum of 7, consists of isolated eigenvalues only:
o(o) = 0,(), where 0,(/) denotes the set of eigenval-
ues of /. Moreover, each A € 6(/) is geometrically simple
and satisfies the characteristic equation

0=¢"(0; — 03) (0203 — V3(02 + 03) + V4)
+e%!(03 — 01) (03061 — v3(03 + 01) + V4)

+603L(61 —Gz) (()'162—V3(()'1+C)'2)+V4), 30)

where
\
m=—§+a+ﬁ 31
oy =— % +wa+ 0’ (with o =e*")  (32)
oy =~ +0a+ 0p, (33)
and
a={tn+\2+7, B=1/n—/F+1, (34)
3 2
Vv Vs w—A o v vy
T T2 2 RT3 g ©33)
An eigenfunction f corresponding to A is
f(x) =(02 — 03) (0203 — V3(02 + G3) + v4) €°1F
+ (03— 01) (0301 — v3(03 + 01) + v4) €%
+ (01— 02) (0102 — v3(01 +02) +v4) e®*. (36)
Proof: (Part 1) By calculation, we get
o/~ f=fi, Vf €N, (37)
1
A)=h0)(1 vs ve)eP | 0
0
" 1
+ / fr)(0 0 1)LP9 0 |dr, (38
0 0
where
L l
£1(0) :_/ FO(0 0 1)Lt 0 |de
0 0
| -1
x| (1 vs va)ePH| 0 (39)

0

Hence we get the unique f; € D(«7) and thus o/~ exists
and is compact on H by the Sobolev embedding theorem.
Therefore, o(%/), the spectrum of &7, consists of isolated
eigenvalues only.

(Part 2) For any A € 0,,(/), we have

A f=f"+vaf ' +vif +vof =Af
1'(0) = v3£(0),£"(0) = vaf(0), f(L) =0,
which has at least one nonzero solution. If it has two linearly
independent solutions fi, f», then there exists constants a,b
(a® +b* #0) such that af;(0) +bf>(0) =0. Thus, f =af) +
bf, satisfies
df=f"+wnf"+vif +vf=1f
£(0) = f'(0) = f"(0) = (L) =0,
which has only zero solution. Hence, af; + bf, = 0, which
contradicts with the assumption. Therefore, each A € 6,(.%/)

is geometrically simple.
(Part 3) For any A € 0,,(7), from (40), we have

(40)
(41)

(42)
(43)

F(x) = 1% + 026" + 03¢ (F +c+c3 £0).  (44)
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From (41), we get

0 —V3 O02—V3 O3—V3
2 2 2

Of—Vs 05—Vs O05—V4 |=0 45)
eﬁlL erL eG3L

and the characteristic equation is (30). We can also derive
the corresponding eigenfunction (36). ]
Lemma 2: <f is dissipative in H, and &/ generates a Cp-
semigroup ¢! of contractions in H.
Proof: Let f € D(4/), then
Vi V32 2
Re<df,f>=—(5 +Vvavs— = +va)|f(0)]
1

2
=S\ WP =vallf I+ ol 12
1
<(vo— gz v2)lIAP
<0. (46)

Hence &/ is dissipative in H, and &/ generates a Cy-
semigroup ¢! of contractions in H by the Lumer-Philips
theorem.
|
Theorem 1: For each A € 6(47), ReA < 0. o/ generates
an exponentially stable Cp-semigroup on H. For any initial
value w(-,0) € H, there exists a unique (mild) solution to
(16) — (19) such that

w(:,1) € C([0,%0);: H), (47)
and there exists a positive constant p such that
[w(- )l < e P [lw(-, 0)]]. (48)
Moreover, if w(-,0) € D(«), then
w(,1) € C'([0,20): H) (49)
is the classical solution to (16) — (19).
Proof: From the proof of Lemma 2, we have
Re <o/ f.f><—p|fI*, Vf€D(),  (50)
where
p:mvz—vo>0. (28
Define a Lyapunov function
L) = 310l (52
then we can get
L(t) < —2pL(1), (53)
and thus
L(t) < L(0)e %", (54)

Since <7 generates a Co-semigroup ¢“?, this semigroup must
be exponentially stable. [ ]

Remark 3: p is a lower bound estimate of exponential
decay rate, which can be arbitrarily large by choosing vy
small enough. As can be seen from Appendix , it’s not
necessarily equal to decay rate.

IV. STATE FEEDBACK CONTROLLER

A transformation v — w is to be seeked to transform the
class of control systems (6) — (9) into the exponentially
stable target system (16) — (19), and it’s postulated in the
following form

X
winn) =viet) = [ apiady 69)
0
where the gain function x(x,y) € R is to be determined.
Choose

Vi = U1, V2 = [, (56)

then a sufficient condition for (16) — (18) to hold is that
K(x,y) satisfies

Kxxx(xvy) + Kyyy(x>y) + #Z(Kxx(xay) - Kyy(xv)’))

+ (ke (x,y) + K (x,¥)) = (Ho — Vo) K (x,y) (57)
K‘()Q)C) =Uz—Vv3 (58)
v J—
Ko (x,) = — 3u0x—(.u3—\’3)ﬂ3 + U4 — V4 (59
Kyy (x,0) — (2 + 13) Ky (x,0) + (i1 + a3 + Ha) K (x,0) = 0.
(60)
Let
K(x,y) = p(x,y)e” ™, p(x,y) =G(E,m),  (61)
where
=BT iy =iy ©)
then

2Geee (8,M) +6Geny (8:m) —2(12 +3u3)Gey (8,1)
) (“1 . (H2+[.L3)([.L2—3[.L3)> G§(§7n)

4
= (4o —v0)G(&,m) (63)
G(&,0)=u3—v3 (64)
Gy(&,0) = voguoéﬂus—w)@ Fly Vs (65)
Gee(8,8) —2Gen(8,8) +Gny(E,8)
_ 2
I ST C R CY

By a lengthy calculation, an integral equation can be
obtained:
G(&,1) =G"(&,n) +FIG](&,n). (67)

Here
G =g -mrsen ()

#3000 [ (0 1)@”"‘“(5)% (68)

W N

3304



and
13 T
rieEn = [ [* [ @G0+ a6 (s
+d3Gy(s,1) +dsGy(s, 1)) dtdrds

TI (e}
+4/0 /0 (d1G(0,1) + d2Go(0,1)
+d3G(yt(G,t)+d4G606(0-7t))dt

_ 1
x (0 1)eEm ">( 0 >dd, (69)
where
0 m
E< 1 0 > (70)
J=(m—-vs (3—Vv3)52 - ) (71)
2
and
1
di = 6(#0*‘/0) (73)
b= (ul—(”2+”3)(”2_3”3)) (74)
3 4
1
dz = g(lvl2+3l~l3) (75)
1
dy=—3. (76)
Let
(;n+l(§717):: FT(;H(5717)]’H ::05172a"'a (77)
then
G(&.m) =) G"(¢&n). (78)
n=0
Denote
e1 =|di|, ex = |da|, e3 = |d3], es = |d4] (79)
and
2
M ==|uo—vo|+ sup JeE”( ! )
3 0<n<1 0
2 ! Em-o) (1
Jrg(V()*/.L())/O (0 1)e o )4
e [0
+2 sup |Je ”< 1 >
0<n<l
2 n
+§(Vo—,u0)/ (01 )eEW")( (1) )da (80)
0
N=4(el+eg+e3—|—e4)
X <1+ sup |(0 1 )eE("")( ! )’
0<n<1 0
E(n-o) ( O
+ sup [(0 1)e ,
o<n<l 1
(81)

then we can get

G (&,m)| <MN(&+n) (82)
|Gy (&.m)| < MN (83)
IGL(&,m)| <MN (84)
GL,(&,m)| < MN (85)
GLe(§,m)| < MN (86)
|Gley (&,m)| < MN (87)
Glee(&,m)| =0. (88)

Moreover, by mathematical induction, it can be proved that
forn>1,

G m) < mne G )
n—1
Gy (&) <MN"(§(:_”1))! (90)
n—1
Gt(gm)| < v S oy
0 2 (E+n)" !
| 55...5n(§»n)|<MNW (92)
- J(E )]
|G§§§(§’n)| <MN W (93)
0 m 2 (E+m)" !
|G§§...§n(§7n)|<MN W (94)
|Gré§...€(€an)|:07 (95)
where
2<m<n+1. (96)

From (68) — (69), we can get that G"(&,n) is C3. There-
fore, G(&,m) =Y, G"(&,n) converges absolutely and uni-
formly, and G(&,7) is C3 which has a bound
IG(E,m)| < MNET). 97)
Since we have found the function G(&,7), existence of
function p(x,y) and kernel x(x,y) is obtained. Moreover,
since the transformation (55) is continuous, there exists a
positive constant Cy such that
Iwll < Cellv] (98)
The backstepping transformation (55) is invertible, and
inverse transformation w +— v can also be postulated as
follows:

v(x,t) = w(x,t)+ /Ox t(x,y)w(y,t)dy, (99)
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which satisfies

Leee (X,) = Lyyy (X, 9) 4 Mo (L (%, 5) — 1y (x, )

+ 1 (e (x,y) + 1(x,)) = (Vo — Ho)1(x,y) (100)
l(x,x) =Uz—V3 (101)
Le(x,x) = @x—(us—w)w +Hs— Vg (102)

Ly (x,0) — (t2 + v3)1,(x,0) + (11 + H2 V3 + v4)1(x,0) = 0.
(103)

Similar results about existence and regularity of the kernel
1(x,y) can be proved in a similar way as proving for
kernel x(x,y). Moreover, the inverse transformation is also
continuous, and thus there exists a positive constant C; such

that
vl < Cilwl]. (104)

Then from (5),(48),(98),(104), there exists a constant C

such that
[[u(-,1)[] < CeCiCe™P |Ju(-,0) ], (105)

which proves exponential decay for the class of closed-loop
control systems (1) — (4) with controllers

Ul(r) :/OL K(L,y)u(y,t)e“?(y*L)dy.

Theorem 2: For any initial value u(-,0) € H, there exists
a unique (mild) solution to the closed-loop system (1) — (4)
with (106) such that

(106)

u(-,1) € C([0,%0): H), (107)
and there exists positive constants M, p such that
(D)1 < Mue™Pfu(-, 0) I (108)

Moreover, if u(-,0) satisfies boundary compatibility condi-
tion, then

u(-,t) € C'([0,00); H) (109)
is the classical solution.
V. AN EXAMPLE

Consider the following subclass of control systems as an
example:

Uy (X,1) =ty (1) + Aou(x, 1) (110)
1 (0,1) =0 (111)
1 (0,1) =0 (112)
u(l,r) =U(r) (113)

Choose € = 0, that is, v(x,7) = u(x,t), and set the target
system as follows:

wy (X, 1) =Wy (x, 1) + Vow(x, ) (114)
w(0,1) =0 (115)
Wi (0,1) =0 (116)
w(l,t) =0 (117)

Through spectrum analysis and some calculation, we get
that, for Ag > 6.3297, the open-loop systems (110) — (113)
(with U(z) = 0) have eigenvalues on RHS of the complex
plane and thus are unstable. However, by choosing vy <
6.3297, all eigenvalues of target systems are on LHS of the
complex plane (see, e.g., TABLE 1) and thus the equivalent
closed-loop control systems are asymptotically stable. What’s
more, for vo < 0, we have proved that they’re exponentially
stable, and the exponential decay rate can be arbitrarily large
by choosing vy to be small enough.

Real parts of | uncontrolled system with | closed-loop system with
first 7 eig. Ao =100 vo=—100
Ist eig. 93.6703 -106.3297
2nd eig. -61.1000 -261.1000
3rd eig. -645.9000 -845.9000
4th eig. —1.9467 x 103 —2.1467 x 103
5th eig. —4.2501 x 103 —4.4501 x 103
6th eig. —7.8423 x 10 —8.0423 x 10
7th eig. —1.3010 x 10* —1.3210 x 10*
TABLE I

REAL PARTS OF FIRST SEVEN EIGENVALUES

Remark 4: The eigenvalues of (110) — (113) (with U(¢) =
0) and (114) — (117) are (In8)3 + A9 and (In8)3 + v, respec-
tively, where 6 are roots of the following equation:

0+0°+0% =0 (118)

That is, eigenvalues of target systems are open-loop eigen-
values shifted to the left in the complex plane by the same
distance Ag — V.

For the kernel function, first we have

Go(&,m) = 2Eon(E+n).

Then, by performing some lengthy calculations, we get the
following formula:
4] _
G*(&m) =Y (aroxn™ 2
i=0
k+1-3i S ‘
+ Z a; junFEINE — )
j=1

(119)

k+1-3i

4]
— i n3k+2—3i ( Z b[]]((é)]) (120)
i=0 =0 n

for k > 1, where all coefficients a; o x,a; j k,b; j x are constants
and [x] denotes the integer not larger than x.

VI. CONCLUSION AND FUTURE WORK

In this paper, backstepping boundary controllers are de-
signed for a class of linearized KdV systems with pos-
sible anti-diffusion. The target systems considered can be
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exponentially stable with arbitrary decay rate. Since the
backstepping transformation is invertible, same properties
hold for the resulting closed-loop control system.

For future work, we are to consider control design for
cascaded/coupled KdV-ODE systems with possible anti-
diffusion, such as

X(t) =AX(t) + Bu(0,1) (121)

uy (X,1) =ty (x,1) + A (6, 1) + Ag 1ty (x,1)
+ Aou(x,),x € (0,L) (122)
uy(0,¢) =A3u(0,1) + CX (t) (123)
1 (0,2) =A4u(0,7) (124)
u(L,t) =U(1). (125)

Another problem which might bring some challenges is to
derive optimal decay rates for the target systems and resulting
closed-loop control systems.

APPENDIX

If choosing vz = v4 =0, then for the class of target systems
(16) — (19) with

1

Vi P 07 \%) Oa Vo < mv27

WV

(126)

the following lemma holds.

Lemma 3: For each A € 6(«/), ReA < 0. Moreover, </
generates an asymptotically stable Cy-semigroup on H.

Proof: Following the proof of Lemma 2, we can get

that for each A € (&), ReA < 0. Let A € o(«) be on the
imaginary axis and f € D(&) be its associated eigenfunction
of o7, then we have Re < &/f,f >= 0, hence, /(L) =
0, Vo = v; = v, =0. That is, there exist y(x) € H*(0,L)\{0}
and A on the imaginary axis such that

Y —Ay=0,x€ (0,L) (127)
Y(0) =y"(0) =y(L) = (L) = 0. (128)

Denote by z € H3(R) its prolongation by 0, then
7" —A2z=y(0)8] —y"(L)8. in 7' (R), (129)

where J,, denotes the Dirac measure at xo. This is equivalent
to the existence of complex numbers ¢,y,A (with ¢ #*
0, ¥ #0) and a function z € H*(R) with compact support
in [—L,L] such that

" —Az= 08 —wd in 7'(R). (130)
Take Fourier transformation, then
(i) =) 2(&) = #(i8)* —we ™ in Z'(R), ~ (131)
and (setting A = —ip?)
R 0E2 4 yeiLE
Z(€)=—1¢§§3_V1p3 : (132)

Thus, there exist p € C and (¢, y) € C*\{(x,y)|x #0,y # 0}
such that

B PE2 4+ WefiLij

f(8) = - (133)

is an entire function in C. Since the roots of &% — p3 are
p,®p, ®*p, this holds only if they are all also roots of ¢£2 +
we L5 Then we have

eitr —_ 9 P (134)
17
e—iL(L)p — _ﬂwZPZ (135)
174
it = 9 2. (136)
7

Substitute (134) into (135) and (136), multiply both sides
of the resulting equations, then

=Y oY o —a?¥

¢ ¢ ¢
However, by substituting (137) into (135), we get con-
tradictions for all three cases, which proves that for each
A € o(), Red < 0. Moreover, since from (54),

L(r) < L(0),

(137)

(138)

then .o/ generates an asymptotically stable Cp-semigroup on
H by the Arendt-Batty-Lyubich-Phong theorem.
|
Remark 5: 1f furtherly choosing vy = v| = v, =0, then
the class of target systems (16) — (19) has been proved to
be exponentially stable in [12].
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