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Abstract— The aging processes of lithium-ion (Li-ion) bat-
teries are complex, involving various State-of-Health (SoH)
indicators. These mechanisms significantly impact the overall
longevity of Li-ion batteries. Sensitivity Analysis (SA) of the
terminal voltage to the SoH indicators provides insight into
how each aging factor contributes to the battery’s lifespan
and performance. In this article, SA is applied to six SoH
indicators, including, thickness of the Solid Electrolyte Interface
(SEI) film in the negative electrode, electrolyte concentration on
boundaries, lumped resistance, shell thickness on the positive
electrode, volume fraction of active material, and reaction rate
constant. Analytical derivation is employed as the SA approach.
This generic approach empowers us to apply the results for all
current inputs and different types of batteries with various
parameters, avoiding data collection and fitting which are
typically required in numerical methods. Single Particle Model
with electrolyte (SPMe) dynamics is employed as the battery
model. The simulation is performed on a Li-ion battery cell
with manganese dioxide (LiyMn2O4) and carbon (LixC6) as
the positive and negative electrode, respectively, and an Urban
Dynamometer Driving Schedule (UDDS) current profile.

Index Terms— Li-ion Batteries; Sensitivity Analysis; SoH;
Aging; SPMe.

I. INTRODUCTION

Having high energy density, Li-ion batteries have been
considered as the primary candidate for energy storage
applications. Safety and longevity are significant for the
performance of batteries. Battery aging mechanisms have a
significant impact on various battery parameters, and SoH
features are key indicators of this aging process [1]. SA as-
sesses how variations in specific parameters within a system
affect changes in the target parameter. SA can be conducted
by different methods at various levels of complexity [2].
Many investigations have been conducted on SA of Li-
ion battery model parameters. However, there are few SAs
dedicated to battery aging metrics. In [3], surrogate Gaussian
process regression, which is a machine learning method
is used on Doyle–Fuller–Newman (DFN) coupled with an
aging battery model for SA on model parameters. In [4],
the perturbation approach is applied to determine the SA of
battery parameters numerically. In this study, perturbation
is already incorporated into the equations during modeling
by calculating the derivatives. In [5], analytical derivation is
applied for SA on the battery’s electrochemical parameters
under various current profiles.

In this study, to apply sensitivity of the terminal voltage as
the output of the battery, which plays a crucial role in battery
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estimation and control to the SoH indicators, a Single Particle
Model with electrolyte (SPMe) dynamics is employed that
yields physically meaningful equations with a high degree
of accuracy. This model effectively characterizes the battery
aging mechanisms.

The main contributions of this study are as follows:

• Compared with numerical approaches used in previous
studies, in this article, the SPMe is employed for
analytical SA. To the best of authors’ knowledge, an
analytical derivation for SA has been applied solely in
[5].

• SEI growing film thickness and electrolyte concentra-
tion stand as two SoH indicators, and sensitivity of
terminal voltage to them is analyzed using an analytical
method. To the best of authors’ knowledge, no previous
reference has explored these aspects analytically.

• Lumped resistance and shell thickness are another SoH
indicators that have been considered, and analytical
derivations have been applied to analyze them.

• The degradation of the volume fraction of the electrolyte
phase (ε±e (t)) and its effects on effective conductivity
and diffusivity are considered. However in [5], the vol-
ume fraction has been treated as a constant parameter. In
this study, the effect of the evolution of the SEI growing
film on these parameters is considered.

The remainder of this paper is organized as follows: Section
II describes the battery model. In Section III SA of the ter-
minal voltage to the SoH indicators is conducted. Simulation
results are shown and discussed in Section IV, followed by
a conclusion in Section V.

II. SPME DYNAMICS

Equivalent Circuit Model (ECM) and electrochemical
model are two primary Li-ion battery models. Simplicity
of ECM leads to low computational cost for online ap-
plications [6]. However, to enhance the analysis of the
battery degradation process, this study employs the elec-
trochemical battery model for more effective analysis. The
DFN model, an electrochemical model, involves nonlinear
partial differential equations, leads to low computational cost
for online applications [7]. SPM is a simplified version
of the DFN model [8], founded on the assumptions that
the electrolyte concentration and potentials are disregarded.
These hypotheses come with their limitations; to overcome
these constraints, SPMe, depicted in Fig. 1, is employed as
the battery model in this paper.
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Fig. 1: Schematic of SPMe

A. Solid-phase Li-ion concentration

Solid-phase Li-ion concentration in positive and negative
electrodes (c±s (t, r)), and the boundary conditions are de-
scribed as follows:

∂c±s
∂t

(t, r) =
1

r2
∂

∂r

[
D±

s r
2 ∂c

±
s

∂r
(t, r)

]
, t > 0, r ∈

(
0, R±

s

)
,

∂c±s
∂r

(t, 0) = 0, t > 0,

∂c±s
∂r

(t, R±
s ) = ± 1

D±
s a

±
s FL± I(t), t > 0,

where r is the radial coordinate, D±
s and L± are solid phase

diffusion coefficient and thickness of the electrodes, respec-
tively. R±

s and a±s =
3ε±s
R±

s
are the the particle radius and the

specific interfacial area of the electrodes. I(t) represents the
current of the battery as the input to the model. F is the
Faraday’s constant.

B. Electrolyte concentration

The lithium concentration in the electrolyte within the neg-
ative electrode (c−e (t, x)), separator (csep

e (t, x)), and positive
electrode (c+e (t, x)) is represented as follows:

∂c−e
∂t

(t, x) =
∂

∂x

[
D−,eff

e (c−e )

ε−e

∂c−e
∂x

(t, x)

]
+

(1− t0c)

ε−e FL− I(t),

t > 0, x ∈
(
0−, L−) (II.1)

∂csep
e

∂t
(t, x) =

∂

∂x

[
Dsep,eff

e (csep
e )

εsep
e

∂csep
e

∂x
(t, x)

]
,

t > 0, x ∈ (0sep, Lsep) (II.2)
∂c+e
∂t

(t, x) =
∂

∂x

[
D+,eff

e (c+e )

ε+e

∂c+e
∂x

(t, x)

]
− (1− t0c)

ε+e FL+
I(t),

t > 0, x ∈
(
L+, 0+), (II.3)

where Di,eff
e (cie) = Di

e(c
i
e).
(
εie(t)

)1.5
, i ∈ {−, sep,+}, is

the effective diffusivity of electrolyte in separator, positive
and negative electrodes, εie(t) is the volume fraction of elec-
trolyte and t0c is transference number. Boundary conditions

for (II.1),(II.2)and (II.3) are:

∂c−e
∂x

(0−, t) =
∂c+e
∂x

(0+, t) = 0,

D−,eff
e (c−e (L

−))
∂c−e
∂x

(L−, t) = Dsep,eff
e (ce(0

sep))
∂csep

e

∂x
(0sep, t),

Dsep,eff
e (ce(L

sep))
∂csep

e

∂x
(Lsep, t) = D+,eff

e (ce(L
+))

∂c+e
∂x

(L+, t),

c−e (L
−, t) = csep

e (0sep, t),

csep
e (Lsep, t) = c+e (L

+, t),

where 0− and 0+ are the boundaries across the current
collectors and Lsep is the length of the separator.

C. Terminal voltage
Terminal voltage of battery as the output of system V (t),

is derived by the following nonlinear function:

V (t) =

(
U+(

c+ss (t)

c+,max
s

)− U−(
c−ss (t)

c−,max
s

)

)
+
(
φ+
e (t, 0

+)− φ−
e (t, 0

−)
)

+ η+(t) + η+shell(t)− η−(t)−RΩ(t)I(t), (II.4)

where U±(.) is the Open Circuit Potential (OCP) in elec-
trodes and c±ss(t) = c±s (R

±
s , t).

C.1 Electrolyte potential difference

The electrolyte potential difference between the two termi-
nals is obtained as:

φ+
e (t, 0

+)− φ−
e (t, 0

−) (II.5)

=
2RT (1− t0c)(1 + γ)

F
ln
(
c+e (t, 0

+)

c−e (t, 0−)

)
+

I(t)Lsep

Aκsep
e (csep

e (t, 0sep))(εsep
e )1.5

+
I(t)L+

2Aκ+
e (c

+
e (t, 0+))(ε

+
e (t))1.5

+
I(t)L−

2Aκ−
e (c

−
e (t, 0−))(ε

−
e (t))1.5

, (II.6)

where γ is the activity coefficient, A is the electrode area.
κ±,sep(c±,sep

e (t, .)) is the electrolyte ionic conductivity in
the positive, negative electrodes and separator, dependent
on electrolyte concentration on boundaries. Note that [5]
assumes electrolyte volume fraction as a constant in elec-
trodes and separator; while this paper considers time-varying
electrolyte volume fraction, due to its degradation over time.
In the negative electrode it is described as [9]:

ε−e (t) = 1− ε
−

f − ε
−

s

(
1 +

3L
−

SEI(t)

R−
s

)
, (II.7)

and in the positive electrode it is defined as [10]:

ε+e (t) = 1− ε
+

f − ε
+

s , (II.8)

where ε±f is the volume fraction of the filler, ε±s is the active
material volume fraction and L±

SEI(t) is the thickness of SEI
film in electrodes. In positive electrode SEI film thickness,
L+

SEI is negligible, so L+
SEI tends toward zero. Consequently,

(II.7) for the positive electrode will undergo a modification
to (II.8).
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C.2 Overpotential

The overpotential (η±(t)) in (II.4), is given by:

η±(t) =
RT

αF
ln
(
ξ±(t) +

√
(ξ±(t))2 + 1

)
, (II.9)

ξ±(t) =
j±(t)

2a±s i
±
0 (t)

,

where R represents the universal gas constant. T denotes the
temperature of the battery cell, which is assumed to remain
constant. Here, intercalation/deintercalation current density
j±(t), and exchange current density i±0 (t), are:

j±(t) = ∓ I(t)

a±s FL± ,

i±0 (t, x) = k±
[
c±ss(t)

]αc
[
c±e (t, x)(c

±
s,max − c±ss(t))

]αa
,

where k± is the reaction rate constant. In this study an
additional term known as shell overpotential η+shell(t), is
added to the positive electrode’s overpotential, formed during
battery aging [11].

C.3 Lumped resistance

The lumped resistance of the battery cell (RΩ), is expressed
as following:

RΩ(t) =
Rc

A
+

Re(t)

A
+

RSEI(t)

A
, (II.10)

where Rc is the resistance of current collectors and wiring.
Re is the electrolyte resistance consisting of three terms
associated with separator, negative and positive electrodes:

Re(t)

A
=

Lsep

Aκsep
e (csep

e (t, 0sep))(εsep
e )1.5

+
L−

2Aκ−,eff
e (c−e (t, 0−))

+
L+

2Aκ+,eff
e (c+e (t, 0+))

, (II.11)

where κeff,±
e (t) = κ±

e (c
±
e )(ε

±
e (t))

1.5 is the electrolyte ef-
fective conductivity in electrodes, with consideration of
electrolyte volume fraction degradation in (II.7) and (II.8).

In [5], R±
SEI(t) is considered constant, However in this

study the evolution of SEI resistance is considered through
the growing SEI film thickness. In this study, the resistance
of SEI growing film is considered as follows [12]:

RSEI(t)

A
=

L+
SEI(t)

AL+a+s κSEI
+

L−
SEI(t)

AL−a−s κSEI
, (II.12)

where κSEI is the ionic conductivity of SEI film.

III. SOH INDICATORS AND SENSITIVITY ANALYSIS

A. SEI growing film

A.1 SEI growing film composition and effects

The SEI growing film leads to battery resistance growth and
ohmic potential drop on the battery terminal voltage. SEI film
will grow on both electrodes. However, due to its notably thin
presence on the positive electrode, the sensitivity of voltage
to SEI film thickness is exclusively focused on the negative
electrode.

A.2 SA of terminal voltage to SEI growing film

According to (II.4), the thickness of SEI film in the
negative electrode L−

SEI, impacts the terminal voltage of
battery through the electrolyte potential difference ∆φe, the
electrolyte resistance Re(t), and SEI resistance RSEI(t).

∂V (t)

∂L−
SEI(t)

=
∂∆φe(c

−
e (0

−, t))

∂L−
SEI(t)

− ∂R−
e (t)

∂L−
SEI(t)

I(t)

−
∂R−

SEI(t)

∂L−
SEI(t)

I(t). (III.1)

A.2.1 SEI thickness effect on the electrolyte potential

∂∆φe(c
−
e (0−,t))

∂L−
SEI(t)

describes the impact of SEI thickness on the

electrolyte potential. In [5], the diffusion coefficient Deff,−
e =

D−
e ε

1.5
e , is treated as a constant parameter. However, in

this study, the degradation of electrolyte volume fraction in
negative electrode is considered as [9]:

D−,eff
e (t) = D−

e

[
1− ε−f − ε−s (1 +

3L−
SEI(t)

R−
s

)

]1.5
. (III.2)

By applying the chain rule differentiation, partial deriva-
tive of ∆φe(c

−
e (t, 0

−)) to L−
SEI(t) can be extended as:

∂∆φe(c
−
e (t, 0

−))

∂L−
SEI(t)

=
∂∆φe(c

−
e (t, 0

−))

∂c−e (t, 0−)
×

∂c−e (t, 0
−)

∂D−,eff
e (c−e (t, 0−), L

−
SEI(t))

×
∂D−,eff

e (c−e (t, 0
−), L−

SEI(t))

∂L−
SEI(t)

.

(III.3)

From (II.6), first term of (III.3) is derived as

∂∆φe(c
−
e (t, 0

−))

∂c−e (t, 0−)
=

−2RT (1− t0c)

Fc−e (t, 0−)
(1 + γ). (III.4)

For second term of (III.3), sensitivity transfer function from
[5, Section 4.4] is employed. The last terms of (III.3) can be
derived as follows:

∂D−,eff
e (c−e (t, 0

−), L−
SEI(t))

∂L−
SEI(t)

=
−4.5D−

e (c
−
e (t, 0

−))ε−s
R−

s

×
[
1− ε−f − ε−s

(
1 +

3L−
SEI(t)

R−
s

)]0.5
. (III.5)

A.2.2 SEI thickness effect on the electrolyte resistance

The second term in (III.1), ∂Re(t)

∂L−
SEI(t)

I(t), reflects the effect
of SEI film thickness on the terminal voltage via electrolyte
resistance. From (II.11), it can be derived that:

∂Re(κ
i
e(c

i
e(t, 0

−), L±
SEI(t)))

∂L−
SEI(t)

I(t)

=
2.25L−ε−s I(t)

Aκ−
e (c

−
e )R

−
s

[
1− ε−f − ε−s

(
1 +

3L−
SEI(t)

R−
s

)]−2.5

.
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A.2.3 SEI thickness effect on the SEI resistance

The third term in (III.1), ∂RSEI(t)

∂L−
SEI(t)

, shows the impact of SEI
film thickness on voltage through SEI resistance:

∂RSEI(t)

∂L−
SEI(t)

=
I(t)

AL−a−s κSEI
. (III.6)

To conclude, from (III.3) to (III.6), the partial derivation of
terminal voltage to SEI thickness L−

SEI, is a linear function
of current I(t), and a nonlinear function of lithium concen-
tration in negative electrode c−e (t), and SEI layer thickness.

B. Electrolyte Concentration on boundaries

The electrolyte concentration changes with aging, hence
it can be used as a SoH indicator [13]. Partial derivation of
V (t) to the electrolyte concentration on boundaries (ce(t, 0±)
is:

∂V (t)

∂c±e (t, 0±)
=

∂ϕ±
e (t)

∂ce(t, 0±)
− ∂Re(t)

∂c±e (t, 0±)
I(t) =

−L±)

2Aκ−,eff(c±e (t, 0±))2
∂k±,eff(c−e (t, 0

±)

∂c±e (t, 0±)
− ∂Re(t)

∂c±e (t, 0±)
I(t).

C. Lumped resistance

As a battery ages, changes in the electrodes and electrolyte
lead to an increase in its internal resistance. The lumped
resistance is proportional to the current, so from (II.10):

∂V (t)

∂RΩ(t)
= −I(t).

D. Shell thickness

The phase transition and structural changes occurring in
the spinel/rock-salt phase, which only exist in the positive
electrode, are assumed to manifest as a shell. Some of the
cyclable Li-ions will be trapped within this shell, resulting
in loss of active material. The resistance of shell layer is
expressed as follows [11]:

R+
shell(t) =

ρ+shellL
+
shell(t)

A
,

where ρ+shell is the shell resistivity which is assumed to be
constant and uniform and L+

shell(t) is the thickness of shell.
The overpotential across the shell formulated as:

η+shell(t) = R+
shell(t)I(t) =

ρ+shellL
+
shell(t)

A
I(t).

Based on (II.4), the shell resistance impacts the terminal
voltage of battery cell via the shell overpotential η+shell(t).
Hence the sensitivity of shell resistance in positive electrode
to the terminal voltage of battery is the following linear
function of current I(t):

∂V (t)

∂L+
shell(t)

=
∂η+shell(t)

∂L+
shell(t)

=
ρ+shellI(t)

A
.

E. Active material volume fraction

The active material volume fraction in solid phase (ε±s ),
impacts the terminal voltage via SEI film resistance, overpo-
tential and OCP. By applying the chain rule, the sensitivity
of terminal voltage to ε±s is derived as [5, Section 4.2]:

∂V (t)

∂ε±s
=

∂R±
SEI(t)

∂ε±s
I(t) +

∂η±(t)

∂a±s

∂a±s
∂ε±s

+

(
∂η±(t)

∂c±ss(t)
+

∂U±(t)

∂c±ss(t)

)
∂c±ss(t)

∂ε±s
=

−L±
SEI(t)R

±
s

3AL±(κ±
SEI(ε

+
s ))2

I(t)

− RT

αFε±s

sign(I(t))√
1 +

(
6ε±s i±0 (t)ALi

I(t)R±
s

)2
+

(
∂η±(t)

∂c±ss(t)
+

∂U±(t)

∂c±ss(t)

)
∂c±ss(t)

∂ε±s
.

∂η±(t)

∂c±ss(t)
is derived in [5, Section 4.1]. ∂U±(t)

∂c±ss(t)
is the slope of

the OCV. For ∂css(t)

∂ε±s
, by using the transcendental transfer

function (C
±
s (s)
I(s) ) from [5] and 5th order Padé approximation

result by using WolframAlpha, the partial derivative with
respect to ε±s is obtained as:

∂C±
s

∂ε±s
(s) =

−R±
s I(s)

3F (ε±s )2AL± × Pc(s),

where Pc(s) =

− (R±
s )7s4

3968055(D±
s )4

− 4(R±
s )5s3

33915(D±
s )3

− 21(R±
s )3s2

1615(D±
s )2

− 8(R±
s )s

19D±
s

− 3
R±

s

(R±
s )8s5

218243025(D±
s )4

+ 2(R±
s )6s4

305235(D±
s )3

+ 3(R±
s )4s3

2261(D±
s )2

+ 7(R±
s )2s2

95D±
s

+ s
.

Sensitivity of terminal voltage to the active material volume
fraction, ε±s , is linear and nonlinear functions of current and
lithium concentration in the electrodes and electrolyte on the
boundaries.

F. Reaction rate constant

Reaction rate constant refers to the velocity at which
chemical processes take place within a battery during the
charging and discharging phases. The effect of the reaction
rate constant k±, on the terminal voltage is exclusively
through the over-potential η±(t). Thus [5, Section 4.3]:

∂V (t)

∂k±
=

∂η±(t)

∂ξ±(t)

∂ξ±(t)

∂k±
=

−RT

α±Fk±
sign(I(t))√

1 + (
6ε±s i±0 AL±

I(t)R±
s

)2
.

IV. SIMULATION

The simulation is performed on a battery cell with man-
ganese dioxide (LiyMn2O4) and carbon (LixC6) as positive
and negative electrodes, respectively; with rated capacity of
2700mAh. The temperature is assumed to be constant at T
= 298 [K]. The electrochemical parameters of battery model
are extracted from [14], [11], and [12]. Ionic conductivity
function and OCP are from [15]. the UDDS current profile
shown in Fig. 2 is utilized as the input current to the
battery. In this simulation, the 5th order Padé approximation
is utilized. As demonstrated in [16], comparing the results of
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the PDE with the 3rd order Padé approximation reveals their
proximity. Employing the 5th order Padé approximation in
this simulation ensures a closer match to the original system,
resulting in more precise outcomes.

Fig. 2: UDDS profile
For having comparable scales for the results, all sensitivity

values have been normalized, with an example being the
normalization of L−

SEI as [17]:

Snormalized
L−

SEI
=

∂V (t)

∂L−
SEI(t)

×
L−,∗

SEI

V ∗ ,

where ∗ denotes the nominal value of the parameters, which
are as follows: V ∗ = 3.6v, R∗

Ω = 1.5× 10−4Ω, k+,∗=2.3×
10−4, k−,∗=7.5 × 10−5, c∗e(0, x)=1000, L−,∗

SEI =20nm [12],
L+,∗

shell = 4.5× 10−8m, ε−,∗
s =0.694 [11].

SA of voltage to SEI growing film in the negative electrode
L−

SEI(t), is presented in Fig. 3. Notably, it becomes apparent
that SEI thickness has not a significant impact in this plot.
This phenomenon can be attributed to the fact that in the
initial stages, the thickness of SEI film has a stabilizing effect
and is relatively negligible. However, as the battery ages,
the degradation effect of SEI becomes more pronounced and
evolves into one of the primary factors.

Fig. 3: Sensitivity of voltage to SEI growing film thickness
in the negative electrode

SA of voltage to the lumped resistance is illustrated in Fig.
4. In Fig. 5, sensitivity of voltage to electrolyte concentration
in negative electrode boundary is plotted which its trend is
different from the other plots, because it is not related to
the current of battery and only depends on the electrolyte
concentration. The impact of shell resistance on the terminal
voltage in the positive electrode is illustrated in Fig. 6. It can
be observed that it has a notable influence on the terminal
voltage among the various factors. SA of voltage to the
active material volume in negative electrode is displayed in
Fig. 7. The results reveal that active material volume has

Fig. 4: Sensitivity of voltage to the lumped resistance RΩ(t)

Fig. 5: Sensitivity of voltage to c−e (t, 0
−)

Fig. 6: Sensitivity of voltage to the shell resistance

the most significant influence on the terminal voltage. This
observation aligns with the analytical derivative presented in
(III.1), because it affects a greater number of components in
the terminal voltage, while other parameters impact only one
or two. Sensitivity of voltage to the reaction rate constant

Fig. 7: Sensitivity of voltage to the active material volume fraction
in the negative electrode

in positive and negative electrodes are illustrated in Fig.
8 and Fig. 9. The plots reveal that positive electrode has
a greater effect than negative electrode on voltage. This
difference arises from the fact that the positive electrode
contains a higher proportion of active material participating
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in chemical reactions compared to the negative electrode
resulting simulation on manganese dioxide battery. It has

Fig. 8: Sensitivity of voltage to reaction rate in positive electrode

Fig. 9: Sensitivity of voltage to reaction rate in negative electrode

been identified that the voltage of the battery cell is most
sensitive to electrolyte concentration, volume fraction of
active material, and reaction rate constant. Therefore the new
SoH indicators vector is described as:

SoH =
[
ce(t, 0

±) εs k
]T

.

While the SEI thickness and lumped resistance have a
comparatively minor impact. These effects become more
pronounced as the battery ages over time. However, during
the initial stages, they exhibit a relatively smaller impact on
the terminal voltage, as the simulation focuses on the early
phase of battery life.

V. CONCLUSION AND FUTURE WORKS

In this study, SA is conducted for six SoH indicators,
which include SEI film in the negative electrode, elec-
trolyte concentration on boundaries, lumped resistance, shell
thickness in the positive electrode, active material volume
fraction and reaction rate constant, which can be extended
to more SoH metrics such as state of charge. In future
research we will incorporate the most effective identified
SoH indicators in this study for SoH estimation and SoH
fault detection schemes. The presented results are derived
from simulations conducted on the specified type of battery.
While these findings may vary for other types of batteries.
However, the general applicability of this approach allows
us to apply it to the battery cells with alternative materials
and different current profiles as the future work. In addition
finite difference method for PDE simulation and compare
with Padé approximation reult can be done in the future.
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battery: Part 1. lithium concentration estimation. Journal of Power
Sources, 352:245–257, 2017.

[17] Jakob Kirch, Caterina Thomaseth, Antje Jensch, and Nicole E Radde.
The effect of model rescaling and normalization on sensitivity analysis
on an example of a MAPK pathway model. EPJ Nonlinear Biomedical
Physics, 4(1):1–23, 2016.

1976

Authorized licensed use limited to: Texas Tech University. Downloaded on September 16,2024 at 15:23:06 UTC from IEEE Xplore.  Restrictions apply. 


