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Abstract

A control system of an ODE and a diffusion PDE is discussed in this paper. The novelty lies in that

the system is coupled. The method of PDE backstepping as well as some special skills is resorted in

stabilizing the coupled PDE–ODE control system, which is transformed into an exponentially stable

PDE–ODE cascade with an invertible integral transformation. And a state feedback boundary

controller is designed. Moreover, an exponentially convergent observer for anti-collocated setup is

proposed, and the output feedback boundary control problem is solved. For both the state and

output feedback boundary controllers, exponential stability analyses in the sense of the

corresponding norms for the resulting closed-loop systems are given through rigid proofs.

& 2011 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
1. Introduction

In control engineering, systems modeled by ordinary differential equations (ODE) are
common. Over the past decades of years, systems modeled by partial differential equations
(PDE) have been popular too. Recently, coupled systems have been active areas of research.
Examples can be found in control problems of electromagnetic coupling, mechanical coupling
and chemical reaction coupling. Some results on controllability of coupled PDE–PDE systems
have been established (see, e.g., [12–14]). However, the problem of feasible controllers and
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observers designing for coupled PDE–PDE systems as well as coupled PDE–ODE systems is far
from complete, and rather challenging. In fact, it is still an original area.

In this paper, the system considered couples an ODE with a heat equation. Physical
background comes from, e.g., solid–gas interaction of chemical reaction and heat diffusion
with insulated catalyst fixed at one point.

The most intuitive method to tackle coupling in the system is decoupling it directly. But
this is not practicable for all the time. One of the most useful methods for boundary
controller and observer designing of PDEs is PDE backstepping, which is introduced by
Krstic. It is used to stabilize the cascaded PDE–ODE systems in [4–7,10,11] where the
interconnection between the PDE and ODE is one-directional, and is employed here to
stabilize the coupled PDE–ODE system where the interconnection between the PDE and
ODE is two-directional. The papers [1–3,8,9] have also been referred to. In this paper,
firstly, an invertible integral transformation is introduced to transform the original system
into an exponentially stable target system. Since the kernel functions satisfy some
conditions, which are also coupled, some special skills are also used in solving them. And a
state feedback controller is designed. Secondly, an observer for anti-collocated setup is
designed to achieve exponential convergence of the observer error, and an output feedback
controller is established.

2. Problem formulation and analysis

Consider the following coupled PDE–ODE control system:

_X ðtÞ ¼AX ðtÞ þ Buð0,tÞ ð1Þ

utðx,tÞ ¼ uxxðx,tÞ þ CX ðtÞ, x 2 ð0,lÞ ð2Þ

uxð0,tÞ ¼ 0 ð3Þ

uðl,tÞ ¼UðtÞ ð4Þ

where X ðtÞ 2 Rn is the ODE state, and the pair (A, B) is assumed to be stabilizable;
uðx,tÞ 2 R is the PDE state, and CT is a constant vector; U(t) is the scalar input to the entire
system. The coupled system is depicted in Fig. 1. The control objective is to exponentially
stabilize the system (1)–(4).

The most intuitive method is to decouple the PDE and the ODE. After doing the
decoupling directly, the system is transformed into an integral–differential system

X ðtÞ ¼X ð0ÞeAt þ

Z t

0

eAðt�tÞBuð0,tÞ dt
u x,t X tU t
u ,t X tu l,t

u x,t

Fig. 1. The coupled control system of the heat equation PDE and the ODE.
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utðx,tÞ ¼ uxxðx,tÞ þ C X ð0ÞeAt þ

Z t

0

eAðt�tÞBuð0,tÞ dt
� �

uxð0,tÞ ¼ 0

uðl,tÞ ¼UðtÞ

Intuitively, this system is stabilizable.
However, to achieve the stabilization of the system (1)–(4) in a strict manner, PDE

backstepping is more effective.
The method of PDE backstepping is to seek an invertible integral transformation
ðX ,uÞ/ðX ,wÞ to convert the system (1)–(4) into an exponentially stable target system, e.g.,
the following system

_X ðtÞ ¼ ðAþ BKÞX ðtÞ þ Bwð0,tÞ ð5Þ

wtðx,tÞ ¼wxxðx,tÞ ð6Þ

wxð0,tÞ ¼ 0 ð7Þ

wðl,tÞ ¼ 0 ð8Þ

where K is chosen such that AþBK is Hurwitz. Thus, with the invertibility of the
transformation ðX ,uÞ/ðX ,wÞ, exponential stabilization of the original closed-loop system
will be achieved.

3. State feedback controller design

The integral transformation ðX ,uÞ/ðX ,wÞ is postulated in the following form:

X ðtÞ ¼X ðtÞ ð9Þ

wðx,tÞ ¼ uðx,tÞ�

Z x

0

kðx,yÞuðy,tÞ dy�FðxÞX ðtÞ ð10Þ

where the gain functions kðx,yÞ 2 R and FðxÞT 2 Rn are to be determined.
The first two derivatives with respect to x of wðx,tÞ, as defined in (10), are given by

wxðx,tÞ ¼ uxðx,tÞ�kðx,xÞuðx,tÞ�
Z x

0

kxðx,yÞuðy,tÞ dy�F0ðxÞX ðtÞ ð11Þ

wxxðx,tÞ ¼ uxxðx,tÞ�kðx,xÞuxðx,tÞ�
d

dx
kðx,xÞ þ kxðx,xÞ

� �
uðx,tÞ

�

Z x

0

kxxðx,yÞuðy,tÞ dy�F00ðxÞX ðtÞ ð12Þ

The first derivative of wðx,tÞ with respect of t is

wtðx,tÞ ¼ uxxðx,tÞ�kðx,xÞuxðx,tÞ þ kyðx,xÞuðx,tÞ�

Z x

0

kyyðx,yÞuðy,tÞ dy

þkðx,0Þuxð0,tÞ�ðkyðx,0Þ þ FðxÞBÞuð0,tÞ

� FðxÞAþ
Z x

0

kðx,yÞ dy C�C

� �
X ðtÞ ð13Þ



S. Tang, C. Xie / Journal of the Franklin Institute 348 (2011) 2142–2155 2145
Let x¼0 in the backstepping transformation (10) and Eq. (11) and subtract the two sides
of (12) from the two sides of (13) separately, then the following identities

wð0,tÞ ¼ uð0,tÞ�Fð0ÞX ðtÞ

wxð0,tÞ ¼�kð0,0Þuð0,tÞ�F0ð0ÞX ðtÞ

wtðx,tÞ�wxxðx,tÞ ¼ 2
d

dx
kðx,xÞ

� �
uðx,tÞ

þ

Z x

0

ðkxxðx,yÞ�kyyðx,yÞÞuðy,tÞ dy�ðkyðx,0Þ þ FðxÞBÞuð0,tÞ

þ F00ðxÞ�FðxÞA�
Z x

0

kðx,yÞ dy C þ C

� �
X ðtÞ

are obtained, where the following notations

kxðx,xÞ ¼
@

@x
kðx,yÞjy ¼ x

kyðx,xÞ ¼
@

@y
kðx,yÞjy ¼ x

d

dx
kðx,xÞ ¼ kxðx,xÞ þ kyðx,xÞ

and the fact uxð0,tÞ ¼ 0 have been used. A sufficient condition for Eqs. (5)–(7) to hold is
that kðx,yÞ and FðxÞ satisfy

kxxðx,yÞ ¼ kyyðx,yÞ ð14Þ

kðx,xÞ ¼ 0 ð15Þ

kyðx,0Þ ¼�FðxÞB ð16Þ

which represents a hyperbolic PDE of second order and of Goursat type, and

F00ðxÞ�FðxÞA�
Z x

0

kðx,yÞ dy C þ C ¼ 0 ð17Þ

Fð0Þ ¼K ð18Þ

F0ð0Þ ¼ 0 ð19Þ

What must be emphasized here is that the PDE (14)–(16) and the ODE (17)–(19) are
weakly coupled, which can be decoupled and solved explicitly through some techniques of
algebra and analytical mathematics.

Firstly, the solution to the PDE (14)–(16) can be obtained as

kðx,yÞ ¼
Z x�y

0

FðsÞB ds ð20Þ

Secondly, substituting (20) into (17), it is obtained that

F00ðxÞ�FðxÞA�
Z x

0

Z x�y

0

FðsÞB ds dy C þ C ¼ 0
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which is a non-homogeneous linear ODE of second order. Changing the order of
integration and differentiating the ODE twice, the following fourth order ODE:

Fð4ÞðxÞ�F00ðxÞA�FðxÞBC ¼ 0 ð21Þ

and initial values

F00ð0Þ ¼KA�C, Fð3Þð0Þ ¼ 0

are obtained. Let I be a unit matrix, then the solution to the ODE (17)–(19) is

FðxÞ ¼ ðK 0 KA�C 0ÞeDxE

where

D¼

0 0 0 BC

I 0 0 0

0 I 0 A

0 0 I 0

0
BBB@

1
CCCA, E ¼

I

0

0

0

0
BBB@

1
CCCA

The transformation ðX ,uÞ/ðX ,wÞ (9)–(10) is invertible, and the inverse transformation
ðX ,wÞ/ðX ,uÞ is postulated in the following form:

X ðtÞ ¼X ðtÞ ð22Þ

uðx,tÞ ¼ wðx,tÞ þ

Z x

0

iðx,yÞwðy,tÞ dyþCðxÞX ðtÞ ð23Þ

where the kernel functions iðx,yÞ 2 R and CðxÞT 2 Rn are to be driven.
As is done in the kernel functions seeking of the direct transformation, the derivatives

wx,wxx and wt are computed, and a sufficient condition for Eqs. (1)–(3) to hold is that
iðx,yÞ and CðxÞ satisfy

ixxðx,yÞ ¼ iyyðx,yÞ ð24Þ

iðx,xÞ ¼ 0 ð25Þ

iyðx,0Þ ¼�CðxÞB ð26Þ

and

C00ðxÞ�CðxÞðAþ BKÞ þ C ¼ 0 ð27Þ

Cð0Þ ¼K ð28Þ

C0ð0Þ ¼ 0 ð29Þ

This cascade system can also be solved explicitly. Firstly, by employing the method of
variable separating, the explicit solution to the ODE (27)–(29) can be obtained as follows:

CðxÞ ¼ F ðxÞeð
0

1

AþBK

0
Þx

I

0

� �

where

F ðxÞ ¼ ðK 0 Þ þ ðCðAþ BKÞ�1 0 Þðe�ð
0

1

AþBK
0
Þx�IÞ
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Thus, through further calculation, the solution is

CðxÞ ¼ ðK�CðAþ BKÞ�1ÞGðxÞ þ CðAþ BKÞ�1

where

GðxÞ ¼ ð I 0 ÞeHx
I

0

� �

and

H ¼
0 Aþ BK

I 0

� �

Secondly, the solution to the PDE (24)–(26) is

iðx,yÞ ¼
Z x�y

0

CðsÞB ds

Write

fðsÞ ¼
Z s

0

FðsÞB ds, cðsÞ ¼
Z s

0

CðsÞB ds

then the direct and inverse backstepping transformations are written into

wðx,tÞ ¼ uðx,tÞ�

Z x

0

fðx�yÞuðy,tÞ dy�FðxÞX ðtÞ ð30Þ

uðx,tÞ ¼wðx,tÞ þ

Z x

0

cðx�yÞwðy,tÞ dyþCðxÞX ðtÞ ð31Þ

Now, a controller is to be designed such that the boundary condition (8) is satisfied. Let
x¼ l in Eq. (10), then from Eqs. (4) and (8), a controller is chosen as

UðtÞ ¼

Z l

0

fðl�yÞuðy,tÞ dyþ FðlÞX ðtÞ ð32Þ

Furthermore, the explicit solution to the system (1)–(4), Eq. (32) can also be obtained.
Firstly, the heat equation (6)–(8) is solved, and the solution

wðx,tÞ ¼
2

l

X1
m ¼ 1

eð�ðmþ1=2Þ
2p2=l2Þt cos

ðmþ 1
2
Þp

l
x

� �
mm ð33Þ

is obtained, where

mm ¼

Z l

0

w0ðxÞ cos
ðmþ 1

2
Þp

l
x

� �
dx

and the initial condition w0ðxÞ can be calculated since it is related to the initial state uðx,0Þ
via (10). Secondly, the solution to the closed-loop system (1)–(4), Eq. (32) can be obtained
from

X ðtÞ ¼X ð0ÞeðAþBKÞt þ

Z t

0

eðAþBKÞðt�tÞBwð0,tÞ dt ð34Þ

and (23).
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Theorem 1. For any initial data X ð0Þ 2 R and uð�,0Þ 2 H1ð0,lÞ, the closed-loop system

consisting of the plant (1)–(4) and the control law (32) has a unique classical solution and is

exponentially stabilized in the sense of the norm

JðX ðtÞ,uð�,tÞÞJ2 ¼ jX ðtÞj2 þ Juð�,tÞJ2H1ð0,lÞ

Proof. A Lyapunov function

V ðtÞ ¼X T PX þ
a

2
Jwð�,tÞJ2L2ð0,lÞ þ

1

2
Jwxð�,tÞJ

2
L2ð0,lÞ

is employed, where the matrix P¼ PT40 is the solution to the Lyapunov equation

PðAþ BKÞ þ ðAþ BKÞT P¼�Q

for some Q¼QT40, and the parameter a40 is to be chosen later.For simplicity, in the
sequel, the symbol J � J stands for the norm in L2ð0,lÞ.
From the backstepping transformations (30) and (31), it can be obtained that

JwJ2ra1JuJ2 þ a2jX j2, JwxJ
2ra3JuxJ

2
þ a4JuJ2 þ a5jX j2 ð35Þ

JuJ2rb1JwJ2 þ b2jX j
2, JuxJ

2rb3JwxJ
2
þ b4JwJ2 þ b5jX j

2 ð36Þ

where

a1 ¼ 3ð1þ lJfJ2Þ, a2 ¼ 3JFJ2, a3 ¼ 3, a4 ¼ 3lJfxJ
2, a5 ¼ 3JF0J2

b1 ¼ 3 1þ lJcJ2
� �

, b2 ¼ 3JCJ2, b3 ¼ 3, b4 ¼ 3lJcxJ
2, b5 ¼ 3JC0J2

From Eqs. (35) and (36), it can be obtained that

dðjX j2 þ JuJ2H1ð0,lÞÞrVrdðjX j2 þ JuJ2H1ð0,lÞÞ

where

d ¼max lmaxðPÞ þ
aa2
2
þ

a5
2
,
aa1
2
þ

a4
2
,
a3
2

n o

d ¼
min lminðPÞ,

a

2
,
1

2

� �
maxfb2 þ b5 þ 1,b1 þ b4,b3g

Taking a derivative of the Lyapunov function along the solutions to the system (5)–(8),
then

_Vr�
lminðQÞ

2
jX j2 þ 2

jPBj2

lminðQÞ
wð0,tÞ2�aJwxJ

2
�JwxxJ

2

From Agmon’s inequality, the following inequality:

�JwxxJ
2r

1þ l

l
JwxJ

2
�wxð0,tÞ

2

can be proved, and thus

_Vr�
lminðQÞ

2
jX j2� a�8

jPBj2l

lminðQÞ
�
1þ l

l

� �
JwxJ

2
�wxð0,tÞ

2
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By taking

a48
jPBj2l

lminðQÞ
þ

1þ l

l

and using Poincar�e inequality, it can be shown that

_Vr�bV

where

b¼min
lminðQÞ

2lmaxðPÞ
,

2

1þ 4l2
1�8

jPBj2l

alminðQÞ
�
1þ l

al

� �� �

Therefore, V ðtÞrV ð0Þe�bt. Let d¼ d=d, then

ðjX ðtÞj2 þ Juð�,tÞJ2H1ð0,lÞÞrdðjX ð0Þj2 þ Juð�,0ÞJ2H1ð0,lÞÞe
�bt

for all tZ0, which completes the proof. &

4. Observer design and output feedback

To implement the control law (32), the signals u(x,t) and X(t) are supposed to be
measurable. Sometimes, the information of the signal u(x,t) is measurable only at one of
the ends, or for economic considerations, is measured only at one end. In this situation, an
observer is necessary to track the signal u(x,t). Consider the case that only uð0,tÞ is
available for measurement, and the input is at the other end x¼ l.

Observer with Dirichlet actuation of the following form:

_̂
X ðtÞ ¼AX̂ ðtÞ þ Buð0,tÞ þ P0ðuð0,tÞ�ûð0,tÞÞ ð37Þ

ûtðx,tÞ ¼ ûxxðx,tÞ þ CX̂ ðtÞ þ p1ðxÞðuð0,tÞ�ûð0,tÞÞ ð38Þ

ûxð0,tÞ ¼ p2ðuð0,tÞ�ûð0,tÞÞ ð39Þ

ûðl,tÞ ¼UðtÞ ð40Þ

where P0 is a constant vector, p1ðxÞ is a function and p2 is a constant, which is to be
designed to achieve exponential stabilization of the error system

_~X ðtÞ ¼A ~X ðtÞ�P0 ~uð0,tÞ ð41Þ

~utðx,tÞ ¼ ~uxxðx,tÞ þ C ~X ðtÞ�p1ðxÞ ~uð0,tÞ ð42Þ

~uxð0,tÞ ¼ �p2 ~uð0,tÞ ð43Þ

~uðl,tÞ ¼ 0 ð44Þ

where

~uðx,tÞ ¼ uðx,tÞ�ûðx,tÞ, ~X ðtÞ ¼X ðtÞ�X̂ ðtÞ

A transformation of the form

~wðx,tÞ ¼ ~uðx,tÞ�YðxÞ ~X ðtÞ ð45Þ
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is also to be looked for to convert the system (41)–(44) into an exponentially stable target
system, e.g.,

_~X ðtÞ ¼ A�P0Yð0Þð Þ ~X ðtÞ�P0 ~wð0,tÞ ð46Þ

~wtðx,tÞ ¼ ~wxxðx,tÞ ð47Þ

~wxð0,tÞ ¼ 0 ð48Þ

~wðl,tÞ ¼ 0 ð49Þ

where A�P0Yð0Þ is a Hurwitz matrix. Thus, the output injection functions P0,p1ðxÞ and p2,
together with YðxÞ, are to be determined.
According to the transformation (45), the first two derivatives with respect to x and the

first derivative with respect to t of ~wðx,tÞ are given by

~wxðx,tÞ ¼ ~uxðx,tÞ�Y0ðxÞ ~X ðtÞ ð50Þ

~wxxðx,tÞ ¼ ~uxxðx,tÞ�Y00ðxÞ ~X ðtÞ ð51Þ

~wtðx,tÞ ¼ ~uxxðx,tÞ þ YðxÞP0�p1ðxÞð Þ ~uð0,tÞ�ðYðxÞA�CÞ ~X ðtÞ ð52Þ

By matching the systems (41)–(44) and (46)–(49), a sufficient condition for Eqs. (46)–(49)
to hold is obtained as follows:

Y00ðxÞ�YðxÞAþ C ¼ 0 ð53Þ

Y0ð0Þ ¼ 0 ð54Þ

YðlÞ ¼ 0 ð55Þ

and

p1ðxÞ ¼YðxÞP0 ð56Þ

p2 ¼ 0 ð57Þ

To construct the solution to the ODE (53)–(55), a lemma is shown firstly.

Lemma 1. Write

J ¼
0 A

I 0

� �
, L¼ ð I 0 ÞeJl

I

0

� �

then L is a nonsingular matrix if and only if the matrix A has no eigenvalues of the form

�ð2k þ 1Þ2p2=ð4l2Þ for k 2 N.

Proof. Firstly, there exists an invertible matrix M such that M�1AM is the Jordan’s
canonical form of A, that is

M�1AM ¼ diagðN1 � � � Np Þ

where each Jordan block Nq,1rqrp, is a square matrix of lower-triangular type, and all
the elements on its main diagonal are the eigenvalues of A, which are denoted by
Bj,j ¼ 1,2, . . . ,n.
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Secondly, a simple calculation gives that

L¼
X1
i ¼ 0

ðl2AÞi

ð2iÞ!

Thus

S :¼M�1LM ¼
X1
i ¼ 0

l2i

ð2iÞ!
diagðN

i
1 � � � Ni

p Þ

¼

X1
i ¼ 0

ðl2B1Þ
i

ð2iÞ!
0

&

n
X1
i ¼ 0

ðl2BnÞ
i

ð2iÞ!

0
BBBBBBB@

1
CCCCCCCA
¼

coshðlB1=21 Þ 0

&

n coshðlB1=2n Þ

0
BB@

1
CCA

Therefore S is singular if and only if lB1=2j ¼ ðð2k þ 1Þp=2Þiu (here iu stands for the
imaginary unit) for some Bj, j ¼ 1,2, . . . ,n and k 2 N. Thus, L is a nonsingular matrix if
and only if A has no eigenvalues of the form �ð2k þ 1Þ2p2=ð4l2Þ for k 2 N. &

When A has no eigenvalues of the form �ð2k þ 1Þ2p2=ð4l2Þ for k 2 N, according to
Lemma 1, L is nonsingular and thus the solution to the non-homogeneous linear ODE
two-point-boundary-value problem (53)–(55) is as

YðxÞ ¼ UðxÞeJx
I

0

� �
ð58Þ

where

UðxÞ ¼ ðYð0Þ 0 Þ�

Z x

0

ð 0 C Þe�Jx dx

Yð0Þ ¼
Z l

0

ð 0 C Þe�Jx dx � eJl
I

0

� �
L�1

Choose P0 such that A�P0Yð0Þ is Hurwitz, then all the quantities needed to implement
the observer (37)–(40) are determined.

The system (46)–(49) is a cascade of the exponentially stable heat equation (47)–(49) and
the exponentially stable ODE (46). The entire observer error system is exponentially stable.

Theorem 2. Assume that the matrix A has no eigenvalues of the form �ð2k þ 1Þ2p2=ð4l2Þ for

k 2 N, then the observer (37)–(40), with gains defined through Eqs. (56)–(58), guarantees that

observer error exponentially converges to zero, that is, X̂ ðtÞ and ûðtÞ exponentially track X(t)
and u(t) in the sense of the norm

Jð ~X ðtÞ, ~uð�,tÞÞJ2 ¼ j ~X ðtÞj2 þ J ~uð�,tÞJ2H1ð0,lÞ

Proof. From the transformation (45), the following relations

J ~wJ2r2J ~uJ2 þ 2jYj2j ~X j2, J ~wxJ
2r2J ~uxJ

2
þ 2jY0j2j ~X j2
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J ~uJ2r2J ~wJ2 þ 2jYj2j ~X j2, J ~uxJ
2r2J ~wxJ

2
þ 2jY0j2j ~X j2

are obtained. With a Lyapunov function

~V ðtÞ ¼ ~X
T ~P ~X þ

~a

2
J ~wð�,tÞJ2 þ

1

2
J ~wxð�,tÞJ

2

where ~P ¼ ~P
T
40 is the solution to the Lyapunov equation

~P A�P0Yð0Þð Þ þ A�P0Yð0Þð Þ
T ~P ¼� ~Q

for some ~Q ¼ ~Q
T
40 and ~a is a constant to be determined, it can be obtained that

Rðj ~X j2 þ J ~uJ2H1ð0,lÞÞr ~VrRðj ~X j2 þ J ~uJ2H1ð0,lÞÞ

where

R ¼
min

~a

2
,
1

2
,lminð ~PÞ

� �
maxf2,2jY0j2 þ 2jYj2 þ 1g

R ¼maxf ~a,1,jY0j2 þ ~ajYj2 þ lmaxð ~PÞg

Take the time derivative of the Lyapunov function along the solution to the system
(46)–(49), then

_~V r�
lminð ~QÞ

2
j ~X j2� ~a�8

j ~PP0j
2l

lminð ~QÞ
�
1þ l

l

� �
J ~wxJ

2
� ~wxð0,tÞ

2

where the last line is obtained by using Agmon’s inequality and the following inequality:

�J ~wxxJ
2r

1þ l

l
J ~wxJ

2
� ~wxð0,tÞ

2

Take

~a48
j ~PP0j

2l

lminð ~QÞ
þ

1þ l

l

and use Poincar�e inequality, then

_~V r� ~b ~V ð59Þ

where

~b ¼min
lminð ~QÞ

2lmaxð ~PÞ
,

2

1þ 4l2
1�8

j ~PP0j
2l

~alminð ~QÞ
�
1þ l

~al

� �� �
40

Let R¼ R=R, then

j ~X ðtÞj2 þ J ~uð�,tÞJ2H1ð0,lÞrRðj ~X ð0Þj2 þ J ~uð�,0ÞJ2H1ð0,lÞÞe
� ~bt

for all tZ0, which means that the error system (41)–(44) is exponentially stable in the sense
of the norm

Jð ~X ðtÞ, ~uð�,tÞÞJ2 ¼ j ~X ðtÞj2 þ J ~uð�,tÞJ2H1ð0,lÞ

and thus completes the proof. &
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Replace uðy,tÞ and X(t) with ûðy,tÞ and X̂ ðtÞ in Eq. (32) respectively, an output feedback
control law is obtained as follows:

UðtÞ ¼

Z l

0

fðl�yÞûðy,tÞ dyþ FðlÞX̂ ðtÞ ð60Þ

Theorem 3. Assume that the matrix A has no eigenvalues of the form �ð2k þ 1Þ2p2=ð4l2Þ for

k 2 N, then for any initial data X ð0Þ,X̂ ð0Þ 2 R and uð�,0Þ,ûð�,0Þ 2 H1ð0,lÞ, the closed-loop

system consisting of the plant (1)–(3), the controller (60) and the observer (37)–(40) has a

unique classical solution and is exponentially stable in the sense of the norm

JðX ðtÞ,uð�,tÞ,X̂ ðtÞ,ûð�,tÞÞJ2 ¼ jX ðtÞj2 þ Juð�,tÞJ2H1ð0,lÞ þ jX̂ ðtÞj
2 þ Jûð�,tÞJ2H1ð0,lÞ

Proof. The transformation

ŵðx,tÞ ¼ ûðx,tÞ�

Z x

0

fðx�yÞûðy,tÞ dy�FðxÞX̂ ðtÞ ð61Þ

converts Eqs. (37)–(40) into the system

_̂
X ðtÞ ¼ ðAþ BKÞX̂ ðtÞ þ Bŵð0,tÞ þ ðBþ P0Þ ~wð0,tÞ þYð0Þ ~X ðtÞ

� �
ð62Þ

ŵtðx,tÞ ¼ ŵxxðx,tÞ þ p1ðxÞ�FðxÞðBþ P0Þ�

Z x

0

fðx�yÞp1ðyÞ dy

� �
ð ~wð0,tÞ þYð0Þ ~X ðtÞÞ

ð63Þ

ŵxð0,tÞ ¼ 0 ð64Þ

ŵðl,tÞ ¼ 0 ð65Þ

The ð ~X , ~wÞ system (46)–(49) and the homogeneous part of the ðX̂ ,ŵÞ system (62)–(65)
(without ~X ðtÞ, ~wð0,tÞ) are exponentially stable. The interconnection of the two systems
(X̂ ,ŵ, ~X , ~w) is a cascade. The combined (X̂ ,ŵ, ~X , ~w) system is exponentially stable. In fact,
this can be proved by taking the weighted Lyapunov function

EðtÞ ¼ X̂
T

P̂X̂ þ
â

2
Jŵð�,tÞJ2 þ

1

2
Jŵxð�,tÞJ

2
þ e ~V ðtÞ ð66Þ

where the matrix P̂ ¼ P̂
T
40 is the solution to the Lyapunov equation

P̂ðAþ BKÞ þ ðAþ BKÞT P̂ ¼�Q̂

for some Q̂ ¼ Q̂
T
40, the constant â and the weighting constant e are to be chosen later.

Taking the time derivative of Eq. (66),

_Er�X̂
T

Q̂X̂ þ 2X̂
T

PðBŵð0,tÞ þ ðBþ P0Þð ~wð0,tÞ þYð0Þ ~X ðtÞÞÞ

�âJŵxJ
2
þ â

Z l

0

ŵðxÞ

�
p1ðxÞ�FðxÞðBþ P0Þ

�

Z x

0

fðx�yÞp1ðyÞ dy

�
ð ~wð0,tÞ þYð0Þ ~X ðtÞÞ dx

�JŵxxJ
2
þ

Z l

0

ŵxðxÞ

�
p01ðxÞ�F

0ðxÞðBþ P0Þ
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�

Z x

0

f0ðx�yÞp1ðyÞ dy

�
ð ~wð0,tÞ þYð0Þ ~X ðtÞÞ dx

þe �
lminð ~QÞ

2
j ~X j2� ~a�8

j ~PP0j
2l

lminð ~QÞ
�
1þ l

l

� �
J ~wxJ

2

� �

Using Poincar�e, Agmon’s and Young inequalities, taking

y¼max p1ðxÞ�FðxÞðBþ P0Þ�

Z x

0

fðx�yÞp1ðyÞ dy

� �

W¼max p01ðxÞ�F
0ðxÞðBþ P0Þ�

Z x

0

f0ðx�yÞp1ðyÞ dy

� �

then it can be obtained that

_Er�e1jX̂ j
2�e2JŵxJ

2
�e3j ~X j

2�e4J ~wxJ
2

where

e1 ¼
lminðQ̂Þ

2
�ejPðBþ P0Þj

2

e2 ¼
â

2
�
1

2
�16

jPBj2l

lminðQ̂Þ
�
1þ l

l

e3 ¼
lminð ~QÞ

2
e�

1

e
þ 4ây2l3 þ W2l

� �
jYð0Þj2

e4 ¼ e ~a�8
j ~PP0j

2l

lminð ~QÞ
�
1þ l

l

� �
�16
jPðBþ P0Þj

2l

lminðQ̂Þ
�16ây2l4�4W2l2

and e40. Take

â432
jPBj2l

lminðQ̂Þ
þ

3l þ 2

l
, eo

lminðQ̂Þ

2jPðBþ P0Þj
2

e4
2

lminð ~QÞ

1

e
þ 4ây2l3 þ W2l

� �
jYð0Þj2

~a48
j ~PP0j

2l

lminð ~QÞ
þ

1þ l

l
þ

1

e
16
jPðBþ P0Þj

2l

lminðQ̂Þ
þ 16ây2l4 þ 4W2l2

 !

then it can be obtained that

_Er�fE

where

f ¼min
e1

lmaxðP̂Þ
,

2e2

âð1þ 4l2Þ
,

e3

elmaxð ~PÞ
,

2e4

e ~að1þ 4l2Þ

� �
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Hence, the system (X̂ ,ŵ, ~X , ~w) is exponentially stable. Since the transformations (45) and
(61) are invertible, exponential stability of the system (X̂ ,ŵ, ~X , ~w) ensures exponential
stability of the system (X̂ ,û, ~X , ~u). This directly implies the closed-loop stability of the
system (X ,u,X̂ ,û). &

5. Conclusions and comments

In this paper boundary controller and observer for a coupled PDE–ODE control system
are developed through PDE backstepping. Meanwhile, state and output feedback
boundary control problems are solved.

Firstly, the method of PDE backstepping is employed here. For PDE backstepping,
difficulties generally come from seeking for the kernel functions, and here the equations of
kernel functions are still coupled. By using some skills, it is feasible to decouple and then
solve them. Secondly, the systems are generally considered whether to be stabilized in the
L2 norm, but they are stabilized in the H1 norm in this paper.

Stabilization for coupled PDE–ODE control systems with boundary control is an
original area with so many problems to be considered. Coupled PDE–ODE control
systems with delays are also being worked on. More interesting areas, such as stabilization
for coupled PDE–PDE systems with boundary control, are also subjects of the ongoing
research.
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