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Formation Tracking Control for Multi-agent Systems: A Wave-equation

based Approach
Shu-Xia Tang, Jie Qi*, and Jing Zhang

Abstract: This paper considers the formation tracking control problem of large-scaled Multi-Agent Systems (MAS)
for which the model is based on a system of mutually independent wave Partial Differential Equations (PDEs). The
spatial derivatives in the equation correspond to the underlying communication topology of the agents. A leader-
follower mode is employed in the control algorithm, with which the agents on the boundary of PDEs are chosen
as leaders knowing the tracking trajectory and all the other agents are followers. Each follower has only the infor-
mation of its own relative position and velocity to its topological neighbors. With a designed distributed controller,
the formation tracking error is bounded by a constant proportional to the acceleration of the desired trajectory.
Robustness of the control law to a perturbation in the velocity measurement is also discussed. Furthermore, some
simulation studies are provided to show the effectiveness of the control algorithm.
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1. INTRODUCTION

Compared with static deployment, dynamic formation
tracking control is more challenging and has more applica-
tions. Formation tracking control have wide applications
in formation flight, air traffic control, exploration, naviga-
tion in a group, cooperative carrying and coordinated path
following, etc [1-3]. The problem of formation tracking,
or coordinated tracking, is often formulated as determin-
ing a coordinated control law that keeps the multi-agent
systems maintain a desired, possibly time-varying, forma-
tion while tracking a target or following a reference orbit.

In most of the existing literatures, formation control
for MAS is modeled by a system of Ordinary Differential
Equations (ODEs), in which each agent corresponds to an
ODE [4,5]. While the number of the agents increases,
the system modeled by ODEs becomes more complex
and thus can be more difficult to analyze the macro-
dynamics. Recently, the coordinate control of multi-agent
system with thousands of agents has attracted great atten-
tion [6,7]. Inspired by the application of Lagrangian spa-
tial coordinates in the modeling of large-scale collective
hydrodynamics [8], large-scale MAS can be modelled by
PDEs by treating all the agents as a continuum [9].

The PDE-based approach is more suitable than the
ODE-based method in control design and analyzing large-
scale systems. Besides, it can generate more diversified
and more interesting desirable formation manifolds in a 2-
D and even higher dimensional spaces. The Laplace con-
sensus laws can then be approximated by the correspond-
ing discretized version of the Laplace operators in the
PDEs [10]. In fact, the PDE-based approach has been suc-
cessfully applied into agent deployment [11-13], coordi-
nated searching [14], vehicular platoons [15], distributed
detecting pipeline leakage [16], opinion dynamics [17]
and configuration transitions with collision and obstacle
avoiding [18]. When employing the PDE-based approach,
There are several main contributions in the paper.

e A second-order wave PDE model is proposed with
actuation on the accelerations of the agents, while
most researchers choose the parabolic PDE which de-
scribes the first-order dynamics. Indeed, since the
inputs actuated on the agents are usually forces or
torques, acceleration control has wider applications
[19, 20] than velocity control. Furthermore, when
the acceleration of the desired trajectories is equal to
zero, the proposed distributed control actuating on the
acceleration makes the formation tracking error con-
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verges to zero. While our previous work [21] with the
control actuating on the velocity has tracking error in
the same situation of zero acceleration.

o In the literature of formation tracking control, e.g., [1,
22], the reference orbit is the global information for
all agents. But for the system with thousands of
agents, it is energy-consuming to inform each agent
where the target is. We loose this constraint by as-
suming that only a few of agents i.e., the leaders cho-
sen as the agents on boundary of the PDEs know
the desired trajectory. The other agents are follow-
ers. All the information that is needed for control of
a follower is an agent’s relative position and relative
velocity to its neighbors, so this method is suitable
for applications in room where the Global Position-
ing System (GPS) signal is weak and not accurate.

e The wave PDE is not convergent due to the energy
conservation. In the paper, we introduce a Kelvin-
Voigt damping term which allows the PDE model to
converge. The added damping term is applied to ac-
tuate the acceleration with the velocity feedback such
that tracking errors are bounded by a constant propor-
tional to the acceleration of the desired trajectory. Ro-
bustness of the control law to a perturbation in the ve-
locity measurement is analyzed, and a range of the ve-
locity inaccuracy is given within which the controller
remains effective, i.e., to guarantee that tracking error
converges to a bounded region or converges to zero
due to a zero acceleration of the desired trajectory.

The remaining parts of this paper is organized as fol-
lows. Section 2 models the large-scale MAS by a wave
PDE and states the formation tracking control problem.
Introducing a Kelvin-Voigt damping into the distributed
controller for the PDE system, the formation tracking
errors under a leader-follower strategy are proved to be
bounded in Section 3. Section 4 studies robustness of the
control law to a perturbation in the velocity measurement.
Section 5 presents several numerical simulations for 3-D
formation tracking with 2-D spherical surface topology, il-
lustrating that the proposed control algorithm in this paper
is effective for the formation tracking control of MAS. Fi-
nally, some concluding remarks are presented in Section
6.

2. PROBLEM STATEMENT

2.1. Multi-agent PDE system

Consider an MAS under the following consensus con-
trol protocol [5]:

Wk: Z akj(wj—wk), (1)
JEN

where w; € D C R” denotes the position for the agent la-
beled by k € I C (N*)™, with I denoting the (discrete) set

of the agent label and m denoting the dimension of the cor-
responding topology. Moreover, N C I is the set of neigh-
bors of the agent k, and ayj € R> is the linkage weight
between the agents k and j. Implied by the second-order
time derivative on the left hand side, the control protocol
is applied onto the acceleration of the agents.

Treating the large-scale MAS as a continuum, i.e., map-
ping the discrete agent label set / into a continuous space
Q C R™, each agent can then be labeled by a vector
a= (a0, o, € Q, which gives the topology loca-
tion of the agent in the continuous communication topol-
ogy Q. Assume that the topology domain Q is bounded
with a C* boundary dQ. For each agent «, let the vector

w(o,t) = (W' (a,t),w?(a,t), - W' (a,1))T C R"
represent its real-time position in an n-dimensional state
space, with each element w(a,t),i € {1,2,--- ,n} denot-
ing the coordinate in the i-th dimension.

Noticing that the consensus control protocol on the right
hand side of (1) is the discretized version of the Laplace
operator [23], the system of ODEs (1) is then written into
a wave PDE:

w,(a,t) = ki Aw(a,t),

where k; > 0, w,(c,t) denotes the acceleration of the
agent € Q, and A denotes the Laplace operator.

2.2.  Formation tracking control problem

This paper is mainly concerned about the formation
tracking problem, i.e., to make sure that all the agents as
a whole, while keeping some pre-designated formation,
track some pre-designated trajectory. Denote the desired
formation as

wi(a) = (W), wH (@), - w ()

€ H"(Q,R"),

and denote the trajectory which the agents would track
uniformly as

£(t) = (fi(t). fo(t), -+ fu()" € C*(R=0,R").

Given that the MAS is linear, the aimed moving formation
that the agents would track as a whole can be formulated
as a simple superposition of the desired formation and tra-
jectory:

w(a,t) = wi(a) +£(t). 2)

The leader-follower strategy is employed. More pre-
cisely, we choose the agents on boundary dQ as leaders,
which have the information of both their desired (rela-
tive) positions w?(at)|o—gq in the formation and the de-
sired positions in the trajectory f(z). In other words, the
boundary agents o € dQ follow the moving formation
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W' (,1)|aeoq, Which gives the following boundary con-
dition for the MAS:

w(avt)laez?ﬂ = Wr(a7t>|aeaﬂ = wd|a€89 +f(t)'
3)
On the other hand, all the other agents are treated as fol-
lowers, which only know their own relative positions to
the topology neighbors. In order for all the agents (in-
cluding the followers) to achieve the desired formation
tracking, we would like to seek a distributed feedback con-

troller u(a,#) such that the state of the resultant controlled
PDE

wi (o, t) = kiAw(o,t) +u(o,t) 4)
tracks w"(a,¢). The initial condition is denoted as

w(a,0) =wy(a), w(a,0)=w(a). Q)

3. FORMATION TRACKING CONTROL

3.1. Formation tracking control design

Introduce the tracking error W = w — w’, then it imme-
diately follows from (4) and (2) that the error dynamics is
governed by

Wi (a,t) = kiAw(a,t) +u(a,t) — 1 (1). (6)
If choosing the inner controller as
u(a,t) = kAW (),
then the error system becomes
Wi (a,t) = kiAW (a,t) — (1),
W(a,t)|acon =0,
W(a,0) =Wo(a), W, (a,0) =W ().

It is well known that for the case of £/(z) = 0,Vr € (0,),
the above system is energy conservative, which further im-
plies that the agents cannot track the desired formation
w’(a,t) even when £/(¢) = 0.

Consider instead the following distributed controller:

u(a,t) = —k AW (@) + ko Aw, (v, 1), @)

by which a Kelvin-Voigt damping [24, Chapter 7] with the
weight k, > 0 is incorporated into the resultant controlled
system. w,(cx,7) denotes the velocity of the agent a € Q,
and the operator A further denotes the information (i.e.,
position or velocity) exchange among the agent with its
neighbors. From (2), (3), (6) and (7), the resultant tracking
error system is

Wi (o, t) = kiAW (o, t) + ko AW, (e, ) — £/ (1),

W(OL,[)‘QEQQ =0,

Ww(a,0) =Wo(ar), W:(a,0)=W(),
where it follows from (5) that

Wo(a) = wo(a) —w'(e,0), Wi () = wi () —(0).

3.2. Stability of the formation tracking error system

Note that the equation for each coordinate i = 1,--- ,n
is of the same type and is independent from each other,
we consider only the dynamics of Ww;(ex,¢) in the sequel,
keeping in mind that the same result holds for the dynam-
ics of the other coordinates as well. For the denotation
convenience, we write Wy, f; by W, f. Therefore, the track-
ing error system in consideration is rewritten as

Wy (a,t) = kiAW (e, t) + ko AWy (a,t) — f7(2),  (8)
(a,1)]acan =0, )
W (0, 0) = Wy (). (10)

=

w(a,0) =wo(ar),
Define the space
H' = {x e I*(Q)| v’ x(a,t) € L*(Q) for |p| <k},
with the norm
1
2
Il = ( Y[l vpxF) ,
|pl <k
and let the space
Hy ={xc H'(Q)x=0 on 9Q},

then the following theorem can be derived.

Theorem 1: Suppose the acceleration of the moving
formation is bounded by as constant ¥, ie., |f"(¢)] <
Y, Vt > 0, then for any initial condition

(o, W1) € (H"(Q)NHy (Q))°
satisfying the compatibility condition

Wo(@,0)|a=00 =0,  Wi(a,0)la=ae =0, (11
there exists a unique solution

W(-,1) € C([0,00): H' (2)) NC'([0,0);: L*(€2))

to the error system (8) — (10). Moreover, there exist posi-
tive constants @, C; and C,, such that

(0l < Cr+e ™ (G0 -C), (12
where the norm || - ||y := || - ||z + || ¢ || -

Proof: Well-posedness of the error system (8) — (10)
can be referred to [25, Theorem 2.3].
Define a Lyapunov function candidate as

V() :%/Q(W,(a,t)2+(k1+ck2)|vW(a,t)|2)da
—|—c/QvT/,(a,t)v~v(a,t)da, (13)

where the constant ¢ > 0 is to be determined later.
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Postive definiteness of V (t). By the use of Young’s In-
equality, we have

1
/ W (), 1) dar < = / (1) da
Q 2 Ja
1
4 / W) da.
2 /o
Moreover, from the Friedrichs’ inequality
/z(a,t)zda < c/ |7 2(c 1) Pdax
Q Q
for zlpo =0, (14)

where the positive constant C depends on the dimensional
number n and the domain Q, it can be obtained that

8 [ _§/ 52
(pz 2)/thda+<pz 2) QIVWI da

C
<oty [ et (o) [vatda,
27 Jo 2 Q
(15)

where

1 1
P1 zimax{l,kl—l—ckz}, pzzimin{l,kl—i—ckz}.
(16)

Without loss of generality, assume that C > 1. Then, by
choosing the positive constant ¢ to satisfy

. [1 ki
0 - — 17
<c<m1n{C,|Ck2}, (17)

it immediately follows from (15) that
. 1
0<c<2pyming 1, c( (18)

and thus the positive definiteness of V (¢) is guaranteed.
Moreover, it can be obtained from (15) that

my[|[w][3 <V < mol|w]}3, (19)
where the norm
[l =117 llez + 1 e llz2,

and the constants

1 cC cC
m1=2<P2—2>, m2=P1+7- (20)

Calculation of V (t). Taking the time derivative of V()
along the trajectory of the error system (8) — (10), we have

Q JQ

+c /Q(w,,w+ W, |*)dex

:—kg/ |vw,|2da—ck1/ |7 W2dex
Q Q

—|—c/ widoo— " | (w, +cw)da, (21)
Q Q
where the Green’s formula
v
/ VU \yvdx = —/ uAvdx + —udS
Q Q 90 0V

is used. Here, v is the outward-pointing unit normal vec-
tor of dQ, and dS denotes the integration element on d€Q.
From the Friedrichs’ inequality (14), we have

. k
v (8 -c) w7
0+ eV 7912,

Choose the positive parameter ¢ to satisfy k,/C —c¢ > 0,
which, together with (17), gives the bound for ¢ as

.1 ki ky
0<ce< — T = (- 22
c mln{c, -] C} (22)

Let
.k
ap =min = —c,ck; ¢, b=max{l,cV/C}, (23)
then

. a ., . B a b
V<= W3+ el < — 5=V + —1VV
2 2my my

N

where the inequality (19) is used. Let W = v/V, then W =
V /(24/V), which leads to

ap by
w
+ 2\/m1 ’

and thus the comparison principle for ODE gives

W<

o 24)

a
< _
W(r) exp( 4m2t> w(0)
41)’)0712 1
o (1-e0 (5m1))
4bym;
2(11\/1’}11

4b
texp (;};2;) <W(0) 2a1%>. 25)

From the Friedrichs’ inequality (14), there exist positive
constants m3 and my such that

ms||w][3 < [[WI[F < ma|Wl3, (26)
where
my=1,my=1+C. 27
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The inequalities (19) and (26) then further gives
By <)} < 2y, (28)
myp nt

From the inequalities (19) and (28), we obtain (12), where

_ 4bym,
T 2aym

aq momy

VMg, @O = am G =
2

C . (29

myms
Here, ay, b are defined in (23) with ¢ chosen based on (22).
The proof is thus completed. |

From Theorem 1, the formation tracking error resulted
from the designed control law (7) is uniformly ultimately
bounded by a constant directly proportional to the acceler-
ation of the desired trajectory. Furthermore, if the desired
formation is moving with a constant velocity, then under
the controller (7), the formation tracking error system is
exponentially convergent, which is stated in the following
corollary.

Corollary 1: Suppose the acceleration of the moving
formation |f”| = 0, V¢ > 0, then for any initial condition
(Wo, W) € (H™(Q) N H} (Q))? satisfying the compatibil-
ity condition (11), the unique solution W(-,7) to the error
system (8) — (10) is exponentially convergent:

w0l < e [[w(-,0)h,

where C,, @; are defined in (29), with m,my,m3,my de-
fined by (20), (27) and (16), (22).

In other words, the formation tracking error is elimi-
nated exponentially in the case that all the agents moves
in a constant velocity. This is an advantage of applying
the control law onto the acceleration of the agents over
applying the controller onto their velocity [21].

4. ROBUSTNESS TO THE UNCERTAINTY IN
THE VELOCITY FEEDBACK

It is thus important to study robustness of the controlled
formation tracking system to a small perturbation in the
velocity feedback, i.e., the system (4) under the controller

u(a,t) = —k AW (a) + ky (14 €)Aw, (v, 1),

where the parameter € denotes a maximal possible uncer-
tainty of the velocity, which is allowed to be either positive
or negative. Without loss of generality, we assume |&| < 1.

In this case, consider the dynamics of the resultant
closed-loop multi-agent system as follows:

Waa,t) = ki (Aw(ow, 1) — AW ()
+hk(1+€)Aw, (e, 1), (30)
W(a,t)|acoa = W (a,t)|acan +1(t), (31)

W(OL,O) = W()(OL), W,(Ol,O) =W (a)v (32)

Then the error system becomes
Then,we examine the new W; = w-error (scalar) system:

Wy (a,t) = kiAW (e, t) + ko (1 + €)A, (e, t) — £/ (),

(33)
w(a,1)|acon =0, (34)
Ww(a,0) =w(a), Wwi(a,0)=w'(cx) (35)

Theorem 2: Suppose there exists a constant 7y such that
|f"(¢)| <17, Vr >0, then there exists a constant £* > 0 such
that for any positive constant € satisfying |&| < £, for any
initial condition (W, w!) € (H™(Q) NH} (Q))? satisfying
the compatibility boundary conditions

w()(a)'aeaﬂ = O> Wl (a)‘aeaﬁ = 07
the new error system (33) — (35) admits a unique solution

Ww(-,t) € C([0,00); H' (Q))NC'([0,00); L*(Q)). Moreover,
there exist positive constants @, and Cs such that

WDl < C+em* (GIw(, 001 =C5),  (36)
where the norm || - ||; ;= || - ||lar + || ¢ || 22

Proof: Calculating the time derivative of the Lyapunov
function V (¢), defined in (13) with ¢ satisfying (22), along
the trajectory of the new error system (33) — (35), we have

V(t):—k2(1+e)/ |vw,|2da+ckze/w,mcza
Q Q
—ckl/ \vw|2da+c/ wida
Q Q
—f" | (W +cw)da
Q
:—k2(1+s)/g|vw,|2da
—ckgs/ﬂvw,vwda
—ckl/ \VW|2da+c/ Wwdao
Jo Q
—f" | (W +cow)da
Jo
1
<— sk @(1+e)—ce)) [ |7 Pda
1
—c(k1—§k2|£|)/ |7 l2do
Q
+C/Wt2d06—f” (W, + cw)da,
Q Q
where integration by parts is used in the second equality,

the Cauchy-Schwarz inequality and the Young’s inequal-
ity are used in the inequality. then

V() <— (kzz(“’;)c_cg—c) /Qw,zdoc

1
— el —§k2\£|)/ |7 wlda
JQ
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+7 (I l2 + eVl 712

k k
(Cz—c—z (1-3) |s|>/|w,|2da

—(chy ”ckz\g\)/ |7 W2da
2 Q
+ 1 (Il + eV 7 i) (37

where the Friedrichs’ inequality is used in the first in-
equality. For any ¢ satisfying

. Z(kQ—CC) 2k1 %
gl < — — =€ 38
ef <min{ 22200 2 G8)
with positive constant ¢ satisfying
1 ki ky
0 2 39
<c<m1n{c c-mr>c }, (39
we have
. a . .2 ~ a by
V< ——= b <——V4+—VV
<~ G IRl < 5+ L,
(40)
where b is defined in (23) and
ax(€)
k ky 1 1
:min{é—c—(é—f— ck2>|£|,ck1—2ck2|8|}.
(4D)

Thus, similarly as the proof for Theorem 1, for W = \/\7 s
we have

. a b'}/
W< ——W 42
- dmy + 2\/11717 (42)
and then,
4b
W(t) S yma
2612, /Ny

4b
Fexp (-&z) (W(O)— zaz%). 43)

Thus, (36) is derived with the choices of

4b’)/7’)12 an
C;= =— 44
3= Sagm, VM ) . (44)
which completes the proof. (|

It can be seen from (41) and (43) that as the velocity
bias | €| increases, the decay rate of the error system would
decrease. Although the inaccuracy of the velocity would
slow down the convergence of the system, the equation
(38) gives a certain range of the velocity bias, which guar-
antees the converge rate is always larger than zero. The
range depends on cC, where the constant C > 1 is esti-
mated from the Friedrichs’ inequality, and the choice of
c follows from (22). Thus, as long as the bias, if there is
any, is limited within this range, our method proposed in
this paper can achieve formation tracking control.

5.  FORMATION TRACKING CONTROL
IN THE 3-D SPACE

It is worth emphasizing that this result is general for for-
mation tracking control in any n-dimensional state space
and any m-dimensional topology space. In other words,
the proposed formation tracking control framework can
be applied to high dimensional spaces together with di-
versified communication topologies. In this section, sev-
eral simulation examples are presented for the formation
tracking control of MAS with a 2-D topology in the 3-D
space, more specifically, on a spherical surface.

5.1. The model under spherical coordinates

Consider the PDE system (3)-(5) with the controller
(7) in the 3-D state space under the spherical coordinates
(r,0,9), where the radius is constant: » = 1, the polar an-
gle 6 € [0;,6,] with 0 < 6,6, < 7, and the azimuthal an-
gle ¢ € [0,2x]. For the sake of simplicity, the coordinate
r is omitted from the context in the sequel.

Denote the state as

W(G,(b,l) = (x(97¢at)vy(9

then each of the states x(0,¢,7),
satisfies the following PDE:

,9,1),2(6,9,1))7,
¥(0,0,1r) and z(6,0,1)

wie (6, 0,1) =k <cot(0)we+we9+ Moo )
sin*(0)

d, . d W(<11>¢
—ky | cot(6 + + —
1 (0)wp +woe sin2(9)

Wigg )
sin?(0) )’
(45)

+ky (COt(G)er +Wige +

where k; > 0 is the control gain and the Laplacian in
spherical coordinates is used. The corresponding bound-
ary conditions and initial conditions are thus

w(61,0,1) =w!(61,0,1)+ fi(t), (46)

w(6s,0,1) =w!(65,0,1) + fi(¢), 47)

w(0,0,0) =wy(0,9), wi(6,9,0)=w(6,0),
(48)

where f;, i = 1,2,3, denoting the projection of the target
orbit along the x, y and z axes, corresponds to the x,y, z-
PDEs respectively. Note that with the spherical surface
being the topology space, the control algorithm requires
only two groups of agents to serve as leader, where the
number depends on the way of discretization to ¢.

The spherical harmonics {Y"(0,¢); [ e Nym € Z,|m| <
I} forms an orthogonal basis for L*([6;,6,] x [0,27]) in
the spherical coordinates [26], where

20+1 (1—m)!
4z (I+m)!

Y"(6,9) = Py" (cos(6))W"?,
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(a) (b)

Fig. 1. Communication topology of the agents. (a) The
frontal view. (b) The top view (for half the sphere).

with the associated Legendre polynomial P/" defined as

1 dl +m

2 2
a5 g

m

P (s) =

Therefore, any desired formation manifold in L*([6y, 6,] x
[0,27]) can be represented as follows:

Z Z W'Y (6,9), (49)
=0m=-—1

where

= [ [[wo. 0

Here, * denotes the (complex) conjugate operator when
Y/" is complex harmonics.

“(6,9)sin(6)d0d¢.

5.2. Distributed control law

By discretizing the PDE model (45)—(47), a distributed
control algorithm for the agents is obtained. The dis-
cretized topology in spherical surface shown in Fig. 1, in
which there are (M + 1) x (N+ 1) agents labeled by identi-
fication number (i, j) € {0,..,M} x {0,...,N} correspond-
ing to the location (ihg, jhy) on topology with the polar
angle step hg = %and azimuthal angle step hy = 57

The agents on the boundary are chosen as leaders, la-
beled by i =0 and i = M for all j =0,1,--- ,N and the
other agents are followers. The protocol for the leaders is
directly from the boundary condition (46) and (47):

x(61,0)+ f1(1),
(627 )+f1(t)

xo,;(t) =

xu,j(t) =

Discretizing (45) through finite difference methods in
spherical coordinates, we get the following coordinated
control protocol for each follower (i, j), i=1,--- ,M —1
and j=0,--- ,N—1:

cot(ihg)

W(xﬂrl,j_xifl,j)

% j(t) =k (

Xit1,j = 2Xij +Xim1j | Xij+ _zxi,j+xi,j1>
n h3 sin® (ihe )
cot(ihg) , 4 d
—k1< 2hq ( i+1,j—xi—1,j)
xj’ 2x —|—xd 1]+l 2x" —|—le 1)
+
h% h3 sin® (ihe )
cot(ihg) . )
+k2< 2he (i1, —Xio1,))
Xig1,j — 2Xij + X1 | Xijt —2Xi,j+fci.j1>
h h3 sin® (ih )

From the above control protocol, the followers only need
to use local information from their neighbors. For period-
ical properties of spherical coordinates, let x; _; = x; y or
Xin+1 = X; 0, respectively. The control protocol along the
y and z axes can be written in a similar form, so we omit
them.

5.3. Simulations

Consider the PDE system (3)-(5) with k; = 1.6, where
the controller is designed as (7) with the gain k, = 0.7.
All simulations are carried on with 41 x 51 agents, i.e.,
M =40, N =50.

First, four examples of the desired formation with
x,y,z all governed by (49) are shown in Fig 2. In these
numerical examples, we let 6, = 0.01 and 8, = 7w —
0.01. In particular, the manifolds are described by (a)
sphere x4 = sin(¢)cos(8), y¢ = sin(q))sin(e) and 74
cos(9); (b) spherical harmomcs Y2 with functions xd
[¥Y2(0,y)sin(9) cos(8), ' = [¥2(8,y)|*sin(¢) sin(6)
and z¢ = |Y2(0, y)[>cos(9); (c) hyperbolic surface x¢ =
cosh(¢)cos(8), y! = cosh(¢)sin(0) and z¢ = 1.2sinh(¢)
and (d) spherical harmonics Y3.

Fig. 3 depicts a formation tracking process that the
multi-agent system track the target on a circular orbit and
at the same time keep the desired formation. The agents
begin at initial position (0,b¢,0) with by = 0.2 and in
the initial formation Y22 (Fig. 2(f)). After that, the de-
sired formation becomes spherical harmonics Y. At the
same time, the agents in formation are required to move
on a target orbit governed by x = by cos(apt) cos(y), y =
bocos(apt) sin(y) and z = bysin(agt), where ag = 1, y =
/9.

The desired trajectory has a varying velocity which is
only known to the leaders, so there exist tracking errors.
However, the errors are almost unnoticeable in Fig. 3.
The readers could also refer to the simulation video from
[27]. The tracking errors versus time are shown in Fig. 4.
After the transient evolution is settle down, the tracking
errors converges and bounded by the acceleration peak
(0.16). The mean of the squared position errors w(o,)
is bounded by a sine-like function, and the velocity errors
are much smaller and almost converge to zero.
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(a)
()
Fig. 2. Agent formation manifolds. (a) Sphere. (b) Spher-

ical harmonics Y32. (c) Hyperbolic surface. (d)
Spherical harmonics Y.

()]

(©) (d)

©) ®

Fig. 3. Formation tracking snapshots. The formation be-
gins with a tire tread pattern (a) r = 0. And then
the formation transform to Spherical harmonics ¥{
and at the same time moving to the top of the target
orbit (b) r = 1.84s. After that the formation keep
unchanged and move on the target circular orbit at
t =9.84s (c), t = 16.8s (d), and t = 24.4s (e). Fi-
nally the formation (f) t = 31.4s.

Consider the perturbation of the velocity (within a
range) through assignment of parameter € to be a white
noise with variance 0.5. It is obvious from Fig. 5 that al-
though the tracking errors with velocity uncertainty con-

Position error along x-axis
Velocily error along x-axis

T
time(sec)

(@)

Velocity error along y-axis

5 %
time(sec)

(d)

Position error along z-axis
Velocity error along z-axis

W5
time(sec)

(e) ®

Fig. 4. Position and velocity tracking errors with € = 0
along the x-axis (a) (b), y-axis (c) (d) and z-axis

(e) ().

s
time(sec)

verge more slowly and their transient fluctuations are
greater than the case without velocity uncertainty, the er-
rors still converge and bounded.

In order to check the capability of the system tracking
a target with rapid speed, we consider an example that the
agents track an orbit on a straight line with a rapid speed.
The target orbit is f(¢) = 2¢(1,1,1)7, and the desired for-
mation still use ¥7. As shown in Figure 6, the tracking
errors converge almost to zero within 8s. Furthermore, it
is worth testing the performance of the control algorithm
in the case that one or two agents suddenly lose connec-
tion with its neighbors when the system is moving along
the desired orbit. Fig. 7 (a) and (b) show the simulation
results of followers (20,25), (20,28) losing connection
with the system at r = 7.2s for 2 seconds. Fig. 7(c) and
(d) show another simulation results of leaders (31,25),
(31,42) losing connection at ¢ = 7.2s for 2 seconds. Once
communication fails, the information from the neighbors
that cannot be obtained is replaced by the previous one
until the communication is reconnected. The simulation
results illustrate that temporal communication failure has
little effect on the system by utilizing the proposed control
protocol.

For all the above simulations, the computation com-
plexity is O((M + 1)(N + 1)L) with L being the number
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T E) w0 W5 E
time(sec) time(sec)

(a) (b)

Fig. 5. Position (a) and velocity (b) tracking errors along
x-axis when € is a white noise with variance 0.5.

5 0 12
time(sec)

(a)

Fig. 6. Position (a) and velocity (b) tracking errors along
x-axis when all the agents move quickly along a
straight line.

T E) w0 W5
time(sec) time(sec)

(a) (b)

5 0 15 £
time(sec)

(d)

Fig. 7. Position (a) and velocity (b) tracking errors along
the x-axis with € = 0 when followers (20,25) and
(20,28) lose connection with the system. Position
(a) and velocity (b) tracking errors along the x-axis
with € = 0 when leaders (31,25) and (31,42) lose
connection.

of iterations [28].

6. CONCLUSION AND FUTURE WORKS

A wave PDE is introduced to model the distributed
large-scale MAS. In order for the agents to track some de-

sired formation moving along some desired trajectory, a
leader-follower strategy is employed. The desired forma-
tion and trajectory are only known by the leaders, while
each follower knows only its relative position and veloc-
ity with respect to those of its neighbors. A distributed in-
ner controller consisting of a Kelvin-Voigt damping term
is then designed, actuating on the followers. The track-
ing error between the desired and actual positions of the
agents is uniformly ultimately bounded by a constant di-
rectly proportional to the agent acceleration. Moreover,
robustness of the control law to a perturbation in the ve-
locity measurement is also proved.

The extension of this control algorithm to more com-
plicate communication topologies can be considered as a
future research topic, and it can possibly be achieved by
using different discretization schemes and multi-indices
[23, Chapter 3]. It is also worth considering the corre-
sponding problem with the dynamics of non-point agent
systems, such as the nonholonomic wheel robots and the
rigid body systems. Furthermore, due to the limitation
of the physical systems, the amplitude saturation problem
[29] of the acceleration actuator can be investigated.
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