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Sliding Mode Control to the Stabilization of
a Linear 2x2 Hyperbolic System with Boundary Input Disturbance

Shuxia Tang and Miroslav Krstic

Abstract—In this paper, sliding mode control approach is
used to stabilize a 2x2 system of first-order linear hyperbolic
PDEs subject to boundary input disturbance. Disturbance
rejection is achieved, and with the designed first-order sliding
mode controller, the resulting closed-loop system admits a
unique (mild) solution without chattering. Convergence to the
chosen infinite-dimensional sliding surface of state trajectories
takes place in a finite time. Then on the sliding surface, the
system is exponentially stable with a decay rate depending on
the spatially varying system coefficients. A simulation example
is presented to illustrate the effectiveness and performance of
sliding mode control method.

Index Terms— Linear 2x2 hyperbolic system; First-order
sliding mode control; Disturbance rejection; Backstepping.

I. INTRODUCTION

Linear 2 x2 hyperbolic systems have wide physical back-
grounds, such as oil wells [1], transmission lines [2], road
traffic [3], open channels [4], and so on. Due to their practical
and theoretical values, stabilization of these systems has been
a topic of active research (see, e.g., [5], [6], [7]). Also,
quasilinear 2x?2 systems of hyperbolic PDEs have received
some attention (see, e.g., [8], [9]).

System uncertainties and disturbances are common prob-
lems, which sometimes can worsen the system performance
or even lead to instability, and thus need to be taken into
account. Disturbance attenuation and disturbance rejection
are desirable in system control design. There have been
some research results utilizing different methods to deal with
particular types of boundary input disturbances (see, e. g.,
[10], [11], [12]) in distributed parameter systems.

Sliding mode control technique has been studied for
decades and is characterized by its high simplicity and ro-
bustness among the existing methods. Recently, this approach
has been generalized to distributed parameter systems. For
example, it is used to reject the more general boundary input
disturbance in wave equation [13], Euler-Bernoulli beam
equation [14] and Schradinger equation [15].

The system considered in this paper is a 2Xx2 system
of first-order linear hyperbolic PDEs with spatially varying
coefficients and a boundary input disturbance. The control
objective is to stabilize the system while rejecting the dis-
turbance. The control method employed is sliding mode
boundary control. Since the designed controller is first-
order and thus continuous (see, e. g. [16], [17], [18], [19]),
chattering is avoided in the resulting closed-loop system.
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II. PROBLEM STATEMENT

In this paper, we intend to employ sliding mode control
to stabilize the following system (see, Fig. 1):

u(x,1) = — &1 (X)uy(x,1) +c1(x)v(x,t) @)
ve(x, 1) =& (x)vy(x, 1) + c2(x)u(x,t) 2)
u(0,t) =¢v(0,t) 3)
v(1,t) =U(t) +d(t), 4)

where u(x,t),v(x,t) are system states with x € [0,1], 7 >
0; U(t) is control input; d(z) is external disturbance at the
control end.
Here are some assumptions

£1(x),&(x) € C'[0,1], & (x),&(x) >0,

1(x),¢2(x) € C[0, 1],
q#0,
d(t) and d(t) are bounded measurable, that is, |d(¢)| < M,
|d(t)] <M for some M >0 and all t >0,
5. Initial data ug(x),vo(x) € L?[0,1].

Following [7], we introduce a backstepping transformation

1) =ult) — /O "R, E Yu(E,1)dE

1.
2.¢
3.
4.

- [Tk g nag o
Bt =v(n) — [ K™ E)u(E.0dE
- [ R wmemEndt, ©

in which the continuous kernel functions are uniquely deter-
mined by the following system:

e1()K" + & (E)Kg" = —e1(E)K" —ca(E)K™  (T)
3 (X)Ki'“sz(é)K“V =&(E)K" —c1(&)K™ ®
& ()K" —e1(§)K; g =€ (E)K™ +ca(E)K” ©
e ()K" +&(E)Ky = —g(E)K" +a(E)K™  (10)

2 x 2 Transport PDE (1Y)

(u(x,p),v(x,1)

Fig. 1.

Block diagram of the system (1) — (4)
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with boundary conditions

uu . _ 82(0) uv uv _ Cl(x)
K" (x,0) = 81(0)K (x,0), K" (x,x) = 781@)—&—82()6)
(1
vu _ __62(x) e q€1(0) vu
KD = e © ®O= g0 £ E0)
(12)

The transformation (5) — (6) is invertible and the inverse is:

) =)+ [ L E)a(E 1)dE

+ [ 1P E)B(E 01 (13)
vint) =Bnn) + [ LP(x )80
+ [P ) e, (149

where the continuous kernel functions are uniquely deter-
mined by the following system:

a (LI +e(E)LE* = —€[(E)L* +c1(x)LP*  (15)
a (L —e @)L =L +o PP (6)
a@B* —a (@)L =& - awL™ a7
WL +e @)L = &P —wL® a3
with boundary conditions
ad () ) = £(0) af By x) = c1(x)
L0 = e O L) = e
(19)
L/joz(x )C) _ CZ(X) Lﬁﬁ(x 0) q€1( )Lﬁa( 0)
’ (x) +&(x) ’ &(0)
(20)
The transformation (5) — (6) maps the system (1) — (4) into
the following system (see, Fig. 2):
oy (x,t) =—&1(x) 0 (x,t) 21
ﬁt(xvt) :SQ(X)BX()C,Z) (22)
(0,r) =qB(0,1) (23)
1
Bt =U(t)+d(r)— [ a(S,) (K™(1,5)
+/ K(1,0)L%%(n, E)dn
vy Ba
v [ ke, an ) o
1
- [ BEnw .8
1
v of d
+LK(LmL(m®n
(1) LPP
+ [ R amP ) dg. 2y

III. CONTROL DESIGN

Consider the systems (1) —(4) and (21) — (24) in the state
Hilbert space H = (L*(0, 1))2 with the norm induced by the
following inner product

<(fi, &) (f 82)"
Y 2—x,, —  2¢°(1+2)
- [ (35 Aemm+ 2L 05 )
Y (fi, &), (f2, &) €H. (25)
A. Sliding surface
Define energy of the system (21) —(24) by:
P
0=3 | (Etaor+ 2L b )
(26)

then

E(1) =—1|a<1 O +242|B (1,0

1
-3 (la(x OF +24°|Bx0)P)dx. @7)
Choose a sliding surface
S(apyr(t) = B(1,1) =0, (28)
ie.,
Sapyr ={(f,8)" €H | g(1)=0}, (29)
then on S gyr, the system (21) — (24) becomes
0y (x,1) = — €1 (x) o (x,1) (30)
Bi(x,1) =€2(x)Bi(x,1) 3D
(0,) =gB(0,1) 32)
B(1,1) =0, (33)
and we can obtain that
E(t) < —aE(?), (34)
where
(. '
a= Exlen[(l)fll]{a (x),&(x)} > 0. (35)
The following lemma can then be proved.
Tttt Tt T T T T T T T 'i
dw a(0.0-p(0.1) |
|
u() +Jf B(1.Y) | [Transport PDE| [Transport PDE| | (@A)
> " B at) ||
I — — — — ]

Fig. 2.

Block diagram of systems (21) — (2
of which the meaning should be clear from (24).)

4) (H, and H, are operators,
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Lemma 1: For any initial data (c(-,0),8(-,0))" € S(a,p)T

there exists a unique (mild) solution to (30) — (33) such that

(@(1),B(-,1))" € C([0,00); H). (36)

Moreover, the system (21) — (24) is exponentially stable in
S(a,ﬁ)T:

[ (ee(-51), B (-,

Transforming S, g)r

e (a(,0), B(-0)") . 37)
(6), that is,

) |l <
through (5) —

1
Sy () =0(10) = [ K1, Eu(E 1)

- [ ke nde, G8)
we get the sliding surface for the system (1) — (4) as
1
Suwy ={(£.8) €H | 5(1) = [ K*(1,E)7(8)dE
- [krosas=o), 9
on which the original system (1) — (4) becomes
ur(x,1) = — €1 (x)ux(x,1) + 1 (x)v(x, 1) (40)
(x,1) =&2(x)vx(x,0) + 2 (X)ue(x,1) 41
u(0,1) =¢v(0,1) (42)
I
v(1,1) = / K(1,E)u(E,0dE+ [ K(1,EW(E N deE,
(43)

which is also exponentially stable by (37) and the equiva-
lence between (5) — (6) and (13) — (14). Thus, the following
theorem can be presented.

Theorem 1: For any initial data (u(-,0),v(-,0))" € ST
there exists a unique (mild) solution to (40) — (43) such that

(u("t)vv('at»TGC([Ovm);H)‘ (44)

Moreover, the system (1) — (4) is exponentially stable in
S(W)r, i.e., there exists Mg > O such that

(s, 1 < Mse™ (| (u(-,0),v(-,0)) ") [ (45)

B. Reaching condition

Differentiating (38) with respect to 7, we get
3 . . 1
Sy () =U @ +d(0) = [ K™(1,Epu(E 1)
1
- [ K 0,8mEndE.

If choosing a sliding mode controller such that

00 = [ K™, EuE0de + [ K™ (1,6 (E 0

(46)

S (1)
TSE::;T ([)—‘ for S(uy)T (t) 7é 0, (47)
where K > M, then
. . S t
Swwyr(®)=d(t)—K () for S(,r(t) #0. (48)

|S(u,v)7' ([)|

Thus the following holds:

d e

dr |S(u7v)T (t> ‘2 =2Re (S(u,v)T (I)S(u,v)'[‘ (t))
—2Re (S(W)T(r)d(t)) — 2K 7 (1)]
< =2(K=M)|S ) (1)l

which is the finite time “reaching condition” for the system
(21) — (24). Existence of S is to be proved rigorously in
Section IV.

(49)

C. Sliding mode controller

Choose the sliding mode boundary controller as

U= [ K& .08 + [ K0, EE e

(u1 T(T)
K /O By for Sunr@#0, 60
then the resulting closed-loop system is
u(x,1) = — & () uy (x,8) + 1 (x)v(x,1) (51)
v (x,1) =& (X)vx(x,1) 4 c2(x)u(x,t) (52)
u(0,t) =qv(0,1) (53)
1,0 = [ K(1,Eu(E 08 + [ K1, E e

g SMV ( )
_ (@)’
K/O IC: )‘d‘H—d() for S (t) #O0.
(54)

From transformation (13) — (14), the corresponding con-
troller for the system (21) — (24) is

v = [« (km.+ [ KL dan
+/;K”(l,n)Lﬁ"‘(n,é)dn) d&
+ [ B (k0.+ [ K m,an
+/1KW<1,n>Lﬁﬁ<n,é>dn>dé.

/ e AUl T) 4T for S pyr(0) £0, (55)

and thus the corresponding closed-loop control (a,f)”-
systems are

0y (x,t) =— &1 (x) 0 (x,1) (56)
B (x,t) =&2(x) Bx (x,7) (57
(X(O,[) :qﬁ (Oat) (58)
ﬁ(l,t)zd(t)-K/O |g8’2d T24(r) for Sigpy(t) £0.

(59)



IV. SOLUTION OF CLOSED-LOOP SYSTEMS
Define an operator < : D(«7)(C H) — H as follows:

A(f,0) = (~aW)f, ewe)", Y(f.g) D),
(60)
D(e/)={(f,9)" € (H'(0,1))" | £(0) =4gg(0),8(1) = (06},)
1
of which the adjoint operator is
(¢, 9)"
;0 !
:<81()C)<¢ +.X——2> —82 <WI+X+1>> ’
V(o w)" € D(o/"), (62)
D(er*) = {(¢,w)" € (H'(0,1))" | $(0) = qu(0),
¢(1) =0}. (63)

Lemma 2: </~ exists and is compact on H. Moreover,
&/ and o/* are dissipative in H, and </ generates a Cy-
semigroup ¢! of contractions in H.

Proof: For any given (f,g)” € H, solve

o (fiog)’ = (- el<x>f1, ewg) =97, 64
f1(0) = gg1(0),81(1) = (65)
to get
0 g(8) i3
A0=af sk a@® o
g1(x) = /1 82(@))%7 ©7)

which is the unique solution (f1,g1)" € D(/). Hence, &/~
exists and is compact on H by the Sobolev embedding
theorem.

Let (f,g)" € D(«/) and (¢, w)" € D(2/*), then

Re< o (f,8)', (f,e)7 >
1

:'%If( )P~ ; (1f@)* +24%g(x)*)dx < 0,

Re< (9, v), x/"(rb,w)T

s l/1(\¢(JC)\2+2qz|llf(x)|2)dx <0.
2 Jo -
(69)

(68)

= —2¢°|y(1

Hence o/ and o/ are dissipative in H, and &/ generates a
Co-semigroup ¢! of contractions in H by the Lumer-Philips
theorem.
|
For any (¢,y)" € D(</*), we can get from (56) — (59)
that

a((5) (v )05 ) (),
+<( 4(]2586_1) )J(I) ’ < ‘(i)’ >>D(A'/*)’><D(,'/*)’ 7o

then the system (56) — (59

%( Z‘):pf( g >+93J(z),
%’:(4(]25&_1) >

where 6(-) denotes the Dirac distribution.
Lemma 3: % is admissible for the Cy-semigroup e’
generated by 7.
Proof: Consider the observation problem of dual system

) can be written as follows:

(71)

(72)

of (71) —(72):
d * *
d5)(F) o
:%*< g ) (74)
(Part One) Differentiate
E(a* ﬁ*)r(l‘)
2, 2¢° ( x) 2
5 [ (G5 lawni+ 2L R an
(75)

with respect to ¢ along the solution of (73) —
can get

E (g oy (1) =—247|B"(1,0)

1t * 2 2| px* 2
5 | (o @R +24%B" ()P
<0, (76)

(74), then we

and hence
E(a*ﬁ*)T(T) S E(oc*,ﬁ*)T (0), YT > 0. (77)

By some lengthy calculation, we can get that for any 7 > 0,

T T
[ b @Pa = 16g* [ 15 (1,0
<

164>
< Syl {0}

17
x | T max €
< xe0,1] x+1 2

(x) —I—xsﬁ(x)\} + %) E(a*.ﬁ*)T (0)

(78)
(Part Two) A direct computation shows
29w = (o1, 9)" (79)
00 =3 [ 2 n-2an (50)
N1 ¢< )
WI(A)_Zq(xﬁ’]) 0 el(n)(n_z)dn
[ ARAU))
and
B A (9, 9)" —q/ o) n 2)dn
_ _>
2q/0 T, 8
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Hence, Z*</*! is bounded on H.

Results from Part One and Part Two show that %* is
admissible for the Cy-semigroup e generated by <7 *, and
so is & for e”". [ |

Therefore, if for some T > O, Sap)r € C[0,T] and

pr(t) #0, ¥ te[0,T], then for any initial data
(a(-,0),B(-,0))" € H, systems (71) —
solution (ax(-,t),B(-1))" € C([0,T];H).

Suppose that for some T > 0, S, g)r(f) # 0 for all
t € [0,T]. Take the inner product with (¢, y)” = (0,x)"
D(2/*) on both sides of (71) to get the left hand side as

d /1 2¢%(1+x)

dt)o &)

(72) admit a unique

1
B(x,t)idx:/o 2¢° (1 +x)Bu(x,t)xdx

=44%B(1,1) —2q2/1 B(x,t)(142x)dx,Vt € [0,T] a.e.,
' (83)
and the right hand side as
< (. B)", " (0,x)" >+ < (0,4¢>8 (x — 1)d(1))", (0,x)"

— /0 1 2¢°B(x,1) (1 +2x)dx +4¢°d(t),¥t € [0,T] a.e..

(84)
Since g # 0, we have
B(1,6) =d(t),9t € [0,T] a.e., (85)
that is,
) B ) S(apr (1)
Sapyr(t) =d(t) =d(t) —KW,W €[0,T] a.e.,
(86)
which is equivalent to (48).
Lemma 4: There exists a unique, continuous, nonzero

solution to (86) on some interval [0, Tiyax].
Proof: Suppose that for some Tp > O, S(a_ﬁ)r(TO) =
So # 0, then (86) is equivalent to:

(1)
(¢ _So+/d )d1— K/ —dr, V> Th.
Swpr ) 1Sy (7]

(87)
Define a closed subspace of C [TO,TO + 3(1“%[()] by
o={sec|n T+ 0 ‘ S(Ty) = So
’ 3(M+K) ’
2 [So|
S@)| > =S|, Vte |To,To+ =
()= 3150, ¥ 1 € 0’0+3(M+K)}}’ (88)
and define a mapping F on Q by
ol t S
(FS)(t) = So + / d(t)dt—K / ) 4 89
) T [S(7)l
then VS € Q, Ve [TO,TO+ 3(15—211()}, we have
2
|(FS)(®)] 2 1So| = (M +K)(t = To) > ZSol,  (90)

that is, FQ C Q. Since

S
(FS1)(t) — (FS2)(1)| < j[ Mdr
Ty |Sl
K
<=
fMJFKIISl SzHQ, 1)
where [|S]jq = then the mapping F is

151l o ity
a contraction mapping on Q By the Banach fixed point
theorem, the proof can be completed.

H

Thus, the following lemma is obtained.

Lemma 5: Suppose that d and d are bounded measurable
in time, then for any initial data (ct(-,0),5(-,0))" € H, there
exists Tmax > 0, depending on initial data, such that the
system (56) — (59) admits a unique solution

(0(,1),B(,1))" € C([0, Trnax; H), (92)
and B(1,1) =0 for all > Tjpax. Moreover, S(a,p)r r(t)=p(1,t)
is continuous and monotone in [0, Tiax]-

By the equivalence between (5) — (6) and (13) — (14), the

following main theorem can be proved.

Theorem 2: Suppose that d and d is bounded measurable
in time, then for any initial data (u(-0),v(-,0))" € H, there
exists Tmax > 0, depending on initial data, such that the

system (51) — (54) admits a unique solution

(u(51),v(-,1))" € C([0, Trnax); H) 93)
and
1
St (0 =v(1) = [ K1, E)u(E 1)
[ Eraemena=o o

for all > Tinax. Moreover, S, ,r (t) is continuous and mono-
tone in [0, Tmax]. On the sliding mode surface S, ,r (f) =0,
the system (1) — (4) becomes (40) — (43), which is exponen-
tially stable.

V. NUMERICAL SIMULATION

Consider the system (1) — (4) with & (x) =0.1, &(x) =
0.2, ci(x) =0.3, ca(x) =04, g=1/4 and d(t) = 10sin¢.
Set the initial data as u(x,0) = 3(1 —x), v(x,0) = 10(1 —x).

Take the time length, steps of time and space as 50, 0.01
and 0.01, then open-loop system response and and closed-
loop system response with sliding mode controller (choosing
€ = 0.001) are shown in Fig. 3 and Fig. 4, respectively.
As can be seen from these figures, although the open-loop
system blows up, the designed controller can stabilize it. It’s
also worth noting that chattering is avoided in the closed-
loop control system.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, a 2x2 system of first-order linear hyperbolic
PDEs subject to boundary input disturbance is stabilized by
sliding mode control approach. Disturbance rejection and
finite time stability is achieved for the resulting closed-loop
control system.
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Fig. 3. Simulation results for the open-loop system

Firstly, the employed first-order (and thus non-chattering)
sliding mode controller is effective only when the distur-
bance has bounded derivative. For the case of unbounded
disturbance derivatives, some other methods and techniques
might be needed. Secondly, sliding mode control has the
restriction that it does not work for non-matched disturbance,
and one possible future work would be stabilization of
linear 2x2 hyperbolic systems with non-matched boundary
output disturbances. Thirdly, only the case of g # 0 has been
considered in this paper. However, for the case of ¢ =0, we
may expect that similar results (see, [7]) could be obtained.
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