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In this article, the backstepping method is employed to stabilize a coupled wave-ODE system with internal anti-
damping by means of decoupling them into a stable cascaded wave-ODE system. At the same time, the existence
of the kernels in backstepping transformation and inverse transformation is proved by iterative method.
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1. Introduction

In this article, we consider the stabilization of a

coupled wave-ODE system

X0ðtÞ ¼ AXðtÞ þBuxð0, tÞ,

uttðx, tÞ � uxxðx, tÞ ¼ �ðxÞutðx, tÞ þ �ðxÞuðx, tÞ þCXðtÞ,

uð0, tÞ ¼ 0, uð1, tÞ ¼UðtÞ, Xð0Þ ¼ x0,

uðx, 0Þ ¼ u0ðxÞ, utðx, 0Þ ¼ u1ðxÞ, x 2 ð0, 1Þ,

8>>><
>>>:

ð1Þ

where �(�)2C2([0, 1]), �(�)2C([0, 1]), X(t)2R
n is the

ODE state, and the pair (A,B) is assumed to be

stabilisable; u(x, t)2R is the state of wave equation,

and C is a known suitable matrix; x0, u0(x) and u1(x)

are initial data; U(t) is the boundary control. Here, we

call �(x)ut(x, t) be anti-damping term, in fact, basic

wave equation is conservative, for stabilising wave

equation, we will add some dissipation through

distributed or boundary damping terms. �(x)ut(x, t) is
distributed damping terms. If �(x) is negative, the

eigenvalues of wave equation utt(x, t)� uxx(x, t)¼

�(x)ut(x, t) with zero Dirichlet boundary located in

left half of the complex plane, therefore, it is stable.

However, If �(x) is positive, the eigenvalues of it

located in right half of the complex plane, it is

unstable, in this article, maybe �(x) is not negative,

for this reason, we call �(x)ut(x, t) be anti-damping

term.
Coupled system appeared in many practical control

systems such as electromagnetic coupling, mechanical

coupling and coupled chemical reactions. As for

coupled wave-ODE system, it has a strong physical

background, for example, it can describe the vertical

displacement of the string and the lower rigid body for

the model of two rigid bodies connected by a spring
and hanging from an elastic string. As for controlla-
bility of coupled PDE-ODE system, Weiss and Zhao
(2009) and Zhao and Weiss (2011) have discussed it. As
for stabilization of coupled system, there are many
important tools for constructing explicit stabilising
feedback controller, such as control Lyapunov func-
tion, damping, homogeneity, averaging, backstepping
and forwarding methods. Among these methods,
backstepping method displays several advantages in
feedback controller design such as simplicity and
numerical effectiveness, therefore, it has been widely
used to study the stabilization of PDEs (Liu 2003;
Smyshlyaev and Krstic 2004, 2005; Krstic, Guo,
Balogh, and Smyshlyaev 2008). For cascaded PDE-
ODE system, Krstic (2009a,b,c) and Susto and Krstic
(2010) discussed the stabilization of them by back-
stepping method; for coupled heat-ODE system, Tang
and Xie (2010, 2011a,b) and Tang, Xie, and Zhou
(2011) discussed the stabilization of them through
backstepping method. How to design the boundary
feedback controllers of coupled wave-ODE system
with internal anti-damping is an interesting problem.

If �(x)¼ � is constant in (1), one can eliminate the
anti-damping term by introducing the new variable
v(x, t)¼ e��tu(x, t) transferring the u-system into
v-system, then one can design the controller for v-system
that achieves a decay rate larger than �. However, this
idea does not work for spatially varying �(x). The main
idea of this article is to use backstepping transformation

wðx, tÞ ¼ hðxÞuðx, tÞ �

Z x

0

kðx, yÞuð y, tÞdy

�

Z x

0

sðx, yÞutð y, tÞdy�MðxÞXðtÞ ð2Þ
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and the state feedback

UðtÞ ¼
1

hð1Þ

(Z 1

0

kð1, yÞuð y, tÞdyþ

Z 1

0

sð1, yÞutð y, tÞdy

þMð1ÞXðtÞ

)
, ð3Þ

where the functions h¼ h(x), M(x), kernels k¼ k(x, y)
and s¼ s(x, y) are suitably chosen, converting (1) into

X0ðtÞ ¼ ðAþ BKÞXðtÞ þ Bwxð0, tÞ,

wttðx, tÞ � wxxðx, tÞ ¼ �dwtðx, tÞ � cwðx, tÞ,

wð0, tÞ ¼ 0, wð1, tÞ ¼ 0, Xð0Þ ¼ x0,

wðx, 0Þ ¼ w0ðxÞ, wtðx, 0Þ ¼ w1ðxÞ, x 2 ð0, 1Þ

8>><
>>:

ð4Þ

with K being chosen such that AþBK be Hurwitz, c
and d be positive constant. The emphasis of this article
lies in proving the existence and invertibility of
transformation (2).

This article is organised as follows. In Section 2, we
find the feedback controller and state main theorem.
In Section 3, we prove existence of kernels k(x, y),
s(x, y) and M(x) in backstepping transformation (2).
In Section 4, we prove the invertibility of transforma-
tion (2). In Section 5, we give the proof of Theorem 2.1.
In Section 6, we give some remarks and unsolved
problem.

2. State feedback controller design and main theorem

The transformation (X(t), u(x, t)) � (X(t),w(x, t)) is
postulated in the form

wðx, tÞ ¼ hðxÞuðx, tÞ �

Z x

0

kðx, yÞuð y, tÞdy

�

Z x

0

sðx, yÞutð y, tÞdy�MðxÞXðtÞ,

where kernels k(x, y), s(x, y) and M(x) are to be
determined later. The inverse transformation (X(t),
w(x, t)) � (X(t), u(x, t)) will be postulated in a similar
way later. After some detailed computation, we obtain

wttðx,tÞ ¼ hðxÞuttðx,tÞ�

Z x

0

kðx,yÞuttðy, tÞdy

�

Z x

0

sðx,yÞutttðy,tÞdy�MðxÞX00ðtÞ

¼ hðxÞCXðtÞþhðxÞð�ðxÞutðx, tÞþ�ðxÞuðx, tÞþuxxðx,tÞÞ

�

Z x

0

kðx,yÞðuyyðy,tÞþ�ðyÞutðy, tÞ

þ�ðyÞuðy,tÞÞdy�

Z x

0

kðx,yÞCXðtÞdy

�

Z x

0

sðx,yÞCX0ðtÞdy�

Z x

0

sðx,yÞ

�

�
uyyþ�ðyÞutþ�ðyÞu

�
t
dy�MðxÞX00ðtÞ

¼ hðxÞCXðtÞþhðxÞð�ðxÞutðx,tÞþ�ðxÞuðx,tÞþuxxðx, tÞÞ

�

Z x

0

kðx,yÞCXðtÞdy�

Z x

0

sðx,yÞC AXðtÞþBuxð0, tÞð Þdy

�

n
kðx,xÞuxðx, tÞ�kðx,0Þuxð0,tÞ�kyðx,xÞuðx, tÞ

þ

Z x

0

kyyðx,yÞuðy, tÞdy
o

�

Z x

0

kðx,yÞ�ðyÞutðy, tÞdy�

Z x

0

kðx,yÞ�ðyÞuðy, tÞdy

�

n
sðx,xÞuxtðx, tÞ� sðx,0Þuxtð0, tÞ� syðx,xÞutðx, tÞ

þ

Z x

0

syyðx,yÞutðy,tÞdy
o

�

Z x

0

sðx,yÞ�ðyÞutðy,tÞdy�

Z x

0

sðx,yÞ�ðyÞðCXðtÞ

þ�ðyÞuðy, tÞþ�ðyÞutðy, tÞÞdy

�

n
�ðxÞsðx,xÞuxðx,tÞ� sðx,0Þ�ð0Þuxð0, tÞ

� ð�ðyÞsðx,yÞÞyðx,xÞuðx,tÞ

þ

Z x

0

ð�ðyÞsðx,yÞÞyyðx,yÞudy
o

�MðxÞ
�
A2XðtÞþABuxð0, tÞþBuxtð0,tÞ

�
: ð5Þ

According to (2), we have

�wxxðx, tÞ þ dwtðx, tÞ þ cwðx, tÞ

¼ �

n
h00ðxÞuðx, tÞ þ 2h0ðxÞuxðx, tÞ þ hðxÞuxx

�
d

dx
kðx,xÞu� kðx,xÞux

�

Z x

0

kxxðx,yÞuðy, tÞdy� kxðx,xÞuðx, tÞ �
d

dx
sðx,xÞut

� sðx,xÞuxtðx, tÞ

�

Z x

0

sxxðx,yÞutðy, tÞdy� sxðx,xÞutðx, tÞ �M00ðxÞXðtÞ
o

þ d
n
hðxÞutðx, tÞ �

Z x

0

kðx,yÞutðy, tÞdy

�MðxÞðAXðtÞ þBuxð0, tÞÞ

�

Z x

0

sðx,yÞðCXðtÞ þ �ðyÞutðy, tÞ þ �ðyÞuðy, tÞÞdy

� sðx,xÞuxðx, tÞ þ syðx,xÞuðx, tÞ þ sðx, 0Þuxð0, tÞ

�

Z x

0

syyðx,yÞuðy, tÞdy
o

þ c
n
hðxÞuðx, tÞ �

Z x

0

kðx,yÞuðy, tÞdy

�

Z x

0

sðx,yÞutðy, tÞdy�MðxÞXðtÞ
o
: ð6Þ
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By wtt�wxxþ dwtþ cw¼ 0, (5) and (6), after rearran-

ging the terms, we obtain

0¼

�
hðxÞC�

Z x

0

kðx,yÞCdy�

Z x

0

sðx,yÞCAdy

�MðxÞA2�

Z x

0

sðx,yÞ�ðyÞCdy:

�cMðxÞ�d

Z x

0

sðx,yÞCdy�dMðxÞAþM00ðxÞ

�
XðtÞ

þ

Z x

0

uðy,tÞ
�
kxx�kyy�ð�ðyÞþcÞk

�ð�ðyÞþdÞsyy�ð�ðyÞ�ðyÞ:

þ�00ðyÞþd�ðyÞÞs�2�0ðyÞsyÞdy

þ

Z x

0

utðy,tÞ
�
sxx�syy�ð�ðyÞþdÞk�ð�

2ðyÞ

þd�ðyÞþ�ðyÞþcÞs
�
dy

þ

n
hðxÞ�ðxÞþkyðx,xÞþð�ðyÞsðx,yÞÞyðx,xÞ�h

00ðxÞ

þ
d

dx
kðx,xÞþkxðx,xÞþdsyðx,xÞþchðxÞ

o
uðx,tÞ

þ

n
�ðxÞhðxÞþsxðx,xÞþ

d

dx
sðx,xÞ

þsyðx,xÞþdhðxÞ
o
utðx,tÞ

þ

n
�kðx,xÞ��ðxÞsðx,xÞ�2h0ðxÞ

þkðx,xÞ�dsðx,xÞ
o
uxðx,tÞ

þ

n
kðx,0Þ�

Z x

0

sðx,yÞCBdyþ�ð0Þsðx,0Þ

�MðxÞAB�dMðxÞBþdsðx,0Þ
o
uxð0,tÞ

þ

n
sðx,0Þ�MðxÞB

o
uxtð0,tÞ: ð7Þ

Next, we choose k(x, y), s(x, y) and M(x) satisfying

coupled PDEs

kxx � kyy � ð�ð yÞ þ cÞk

�ð�ð yÞ þ d Þsyy � ð�ð yÞ�ð yÞ þ �
00ð yÞ

þ d�ð yÞÞs� 2�0ð yÞsy ¼ 0,

2
d

dx
kðx, xÞ þ �ðxÞ þ dð Þsyðx, xÞ þ �

0ðxÞsðx, xÞ

þ ð�ðxÞ þ cÞhðxÞ ¼ h00ðxÞ,

kðx, 0Þ ¼

Z x

0

sðx, yÞCB dy� �ð0ÞMðxÞBþMðxÞAB,

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð8Þ

sxx� syy�ð�ðyÞþdÞk�
�
�2ðyÞþd�ðyÞþ�ðyÞþ c

�
s¼ 0,

2
d

dx
sðx,xÞ ¼�ð�ðxÞþdÞhðxÞ,

ð�ðxÞþd Þsðx,xÞ ¼�2h0ðxÞ,

sðx,0Þ ¼MðxÞB

8>>>>><
>>>>>:

ð9Þ

and

M00ðxÞ �MðxÞðA2 þ dAþ cInÞ �

Z x

0

sðx, yÞ�ð yÞCdy

�

Z x

0

sðx, yÞCA dy�

Z x

0

kðx, yÞCdyþ hðxÞC

� d

Z x

0

sðx, yÞCdy ¼ 0: ð10Þ

Choosing h(0)¼ 1, according to (2) and (4), we obtain
M(0)¼ 0 and M0(0)¼K. By the second and third
equality of (9), we obtain h0ðxÞhðxÞ ¼ sðx, xÞ ddx sðx, xÞ.
Integrating it and noticing h(0)¼ 1, we can choose
sðx, xÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ � 1

p
. Hence,

h0ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2ðxÞ � 1

p ¼
�ðxÞ þ d

2
,

which shows hðxÞ ¼ cosh
� R x

0 að�Þd�
�
, where a(x) is

defined by aðxÞ :¼ �ðxÞþd
2 , thus, we have

sðx, xÞ ¼ �
h0ðxÞ

aðxÞ
¼ �sinh

 Z x

0

að�Þd�

!
:

Next, we will compute k(x, x) explicitly. Let us
denote f(x)¼ sy(x, x). Integrating the second equality
of (8) and substituting s(x, x) by � h0ðxÞ

aðxÞ , we have

2kðx, xÞ ¼ h0ðxÞ þ

Z x

0

h
�2að�Þ f ð�Þ þ

�0ð�Þh0ð�Þ

að�Þ

� ð�ð�Þ þ cÞhð�Þ
i
d�: ð11Þ

By d
dx sðx, xÞ ¼ �aðxÞhðxÞ, we have sx(x, x)¼� a(x)�

h(x)� f(x). By the first equality of (9) and substituting
y with x, we have

sxxðx, xÞ � syyðx, xÞ ¼ ðsxðx, xÞ � syðx, xÞÞ
0

¼ 2aðxÞkðx, xÞ þ ð�2ðxÞ þ d�ðxÞ
þ �ðxÞ þ cÞsðx, xÞ
¼ ð�aðxÞhðxÞ � 2f ðxÞÞ0: ð12Þ

By (11) and (12), we obtain

�2f 0ðxÞ � a0ðxÞhðxÞ � aðxÞh0ðxÞ

¼ aðxÞ

	
h0ðxÞ þ

Z x

0



�2að�Þ f ð�Þ þ

�0ð�Þh0ð�Þ

að�Þ

� ð�ð�Þ þ cÞhð�Þ

�
d�

�
þ ð�2ðxÞ þ d�ðxÞ þ �ðxÞ þ cÞsðx, xÞ: ð13Þ

Simplifying (13), we get

�2f 0ðxÞ þ aðxÞ

Z x

0

2að�Þ f ð�Þd�

¼ 2aðxÞh0ðxÞ þ a0ðxÞhðxÞ þ aðxÞ

Z x

0



�0ð�Þh0ð�Þ

að�Þ

� ð�ð�Þ þ cÞhð�Þ

�
d�

�

�
�2ðxÞ þ d�ðxÞ þ �ðxÞ þ c

�
sinh

�Z x

0

að�Þd�

�
:

ð14Þ
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Hence,

2f 0ðxÞ � 2aðxÞ

Z x

0

að�Þ f ð�Þd�

¼ �2aðxÞh0ðxÞ � a0ðxÞhðxÞ

� aðxÞ

Z x

0



�0ð�Þh0ð�Þ

að�Þ
� ð�ð�Þ þ cÞhð�Þ

�
d�

þ

�
�2ðxÞ þ d�ðxÞ þ �ðxÞ þ c

�
sinh

�Z x

0

að�Þd�

�
:

ð15Þ

By (15), s(x, 0)¼M(x)B, M(0)¼ 0 and M0(0)¼K, we

obtain that f(x) satisfies

2f 0ðxÞ � 2aðxÞ

Z x

0

að�Þ f ð�Þd� ¼ LðxÞ,

f ð0Þ ¼ �að0Þ � KB,

8<
: ð16Þ

where L(x) is defined by

LðxÞ :¼�2aðxÞh0ðxÞ � a0ðxÞhðxÞ

� aðxÞ

Z x

0

h�0ð�Þh0ð�Þ
að�Þ

� ð�ð�Þ þ cÞhð�Þ
i
d�

þ

�
�2ðxÞ þ d�ðxÞ þ �ðxÞ þ c

�
sinh

�Z x

0

að�Þd�

�
:

ð17Þ

Differentiating (16) in both sides, f(x) satisfy

2aðxÞ f00ðxÞ � 2a0ðxÞ f0ðxÞ � 2a3ðxÞ f ðxÞ ¼ L0ðxÞaðxÞ

�LðxÞa0ðxÞ,

f ð0Þ ¼ �að0Þ � KB, f 0ð0Þ ¼ �
a0ð0Þ

2
:

8>><
>>:

ð18Þ

Solving (18), we obtain

f ðxÞ ¼ ð�að0Þ � KBÞ cosh

�Z x

0

að�Þd�

�

þ
1

2

Z x

0

Lð yÞ cosh

�Z x

y

að�Þd�

�
dy: ð19Þ

Hence,

kðx, xÞ ¼ mðxÞ :¼
1

2
h0ðxÞ þ

1

2

Z x

0



�2að�Þ

�

	
ð�að0Þ � KBÞ cosh

�Z �

0

aðsÞds

�

þ
1

2

Z �

0

Lð yÞ cosh

�Z �

y

aðsÞds

�
dy

�

þ
�0ð�Þh0ð�Þ

að�Þ
� ð�ð�Þ þ cÞhð�Þ

�
d�: ð20Þ

For simplifying the Equations (8), (9) and (10),

we introduce �i(i¼ 1, 2, 3, 4, 5) as follows. �1( y)¼
�( y)þ d, �2( y)¼�( y)þ c, �3( y)¼ �( y)þ �

00( y)þ d�( y),

�4( y)¼2�
0( y), �5( y)¼ �

2( y)þ d�( y)þ �( y)þ c, we

obtain the coupled kernels equations

kxxðx, yÞ � kyyðx, yÞ ¼ �1syyðx, yÞ þ �2kðx, yÞ
þ�3sðx, yÞ þ �4syðx, yÞ,

kðx, xÞ ¼ mðxÞ,

kðx, 0Þ ¼

Z x

0

sðx, yÞCB dy� �ð0ÞMðxÞBþMðxÞAB,

8>>>><
>>>>:

ð21Þ

sxxðx, yÞ � syyðx, yÞ ¼ �1kðx, yÞ þ �5sðx, yÞ,

sðx, xÞ ¼ �sinh

Z x

0

að�Þd�

� �
,

sðx, 0Þ ¼MðxÞB

8>><
>>: ð22Þ

and

M00ðxÞ �MðxÞðA2 þ dAþ cInÞ �

Z x

0

sðx, yÞ�ð yÞC dy

�

Z x

0

sðx, yÞCAdy�

Z x

0

kðx, yÞCdyþ hðxÞC

�d

Z x

0

sðx, yÞC dy ¼ 0,

Mð0Þ ¼ 0,
M0ð0Þ ¼ K:

8>>>>>>>>>><
>>>>>>>>>>:

ð23Þ

Introducing the space H1
Lð0, 1Þ defined by

H1
Lð0, 1Þ :¼ fw 2 H1ð0, 1Þjwð0Þ ¼ 0g

and endowed with the H1-norm, and denote domain

T :¼ fðx, yÞ 2 R
2
j0 � x � 1, 0 � y � xg:

We state the following main theorem.

Theorem 2.1: Let �(�)2C2([0, 1]), �(�)2C([0, 1]),
there exist functions h(�)2C2([0, 1]), M(�)2C2([0, 1]),

k(�, �) and s(�, �)2C2(T), such that for any ðx0, u
0ð�Þ,

u1ð�ÞÞ 2 R
n
�H1

Lð0, 1Þ � L2ð0, 1Þ satisfying boundary

compatibility conditions

u0ð1Þ¼
1

hð1Þ

�Z 1

0

kð1;yÞu0ðyÞdyþ

Z 1

0

sð1;yÞu1ðyÞdyþMð1Þx0

�
:

there exists unique classical solutions (u(�, �),X(�)) of the

closed-loop system (1) and (3) in the space Cð½0, þ1Þ;

H1
Lð0, 1ÞÞ \ C

1ð½0, þ1Þ; L2ð0, 1ÞÞ � C1ð½0, þ1ÞÞ.

Moreover, the closed-loop system is exponentially

stable in the sense of the norm�Z 1

0

u2ðx, tÞdxþ

Z 1

0

u2xðx, tÞdxþ

Z 1

0

u2t ðx, tÞdxþkXðtÞk
2

�1
2

:

Remark 1: In system (1), if we substitute C with

smooth function C(x), the closed-loop system (1) and

(3) is also exponentially stable, which can be proved by

similar proof procedure of Theorem 2.1 without any

difficulty. Here, it should be pointed out that the

kernels functions k(x, y), s(x, y) and M(x) depend on

C(x), controller (3) is also dependent on C(x).
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3. Existence of the kernels

To prove the existence of solution for Equations (21),

(22) and (23), we use change of variable

� ¼ xþ y, � ¼ x� y:

Let us define the functions G¼G(�, �), Gs
¼Gs(�, �) by

Gð�,�Þ ¼ k
�þ �

2
,
�� �

2

� �
, Gsð�,�Þ ¼ s

�þ �

2
,
�� �

2

� �
:

Setting g1ð�Þ :¼ mð�2Þ, g2ð�Þ :¼ �sinhð
R �

2

0 að�Þd�Þ, bið�, �Þ :¼
�i

���
2

� �
ði ¼ 1, 2, 3, 4, 5Þ, f1ð�Þ ¼

R �
0 sð�, yÞCB dy� �ð0Þ�

Mð�ÞBþMð�ÞAB and f2(�)¼M(�)B, by (21) and (22),

we obtain the coupled PDEs

G��ð�, �Þ ¼ b1ð�, �ÞðG
s
�� � 2Gs

�� þ Gs
��Þ þ b2ð�, �ÞG

þ b3ð�, �ÞG
s þ b4ð�, �ÞðG

s
� � Gs

�Þ,

Gð�, 0Þ ¼ g1ð�Þ,

Gð�, �Þ ¼ f1ð�Þ

8>>><
>>>:

ð24Þ

and

Gs
��ð�, �Þ ¼ b1ð�, �ÞGð�, �Þ þ b5ð�, �ÞG

sð�, �Þ,

Gsð�, 0Þ ¼ g2ð�Þ,

Gsð�, �Þ ¼ f2ð�Þ:

8><
>: ð25Þ

Integrating (24), first with respect to � from 0 to �, then
with respect to � from � to �, we obtain

Gð�, �Þ ¼ g1ð�Þ þ f1ð�Þ � g1ð�Þ

þ

Z �

�

Z �

0

b1ð�, sÞðG
s
�� � 2Gs

�� þ Gs
��Þds d�

þ

Z �

�

Z �

0

b2ð�, sÞG ds d� þ

Z �

�

Z �

0

½b3ð�, sÞG
s

þ b4ð�, sÞðG
s
� � Gs

�Þ�ds d�: ð26Þ

Similarly, integrating (25), first with respect to � from 0

to �, then with respect to � from � to �, we get

Gsð�, �Þ ¼ g2ð�Þ þ f2ð�Þ � g2ð�Þ þ

Z �

�

Z �

0

½b1ð�, sÞGð�, sÞ

þ b5ð�, sÞG
sð�, sÞ�ds d�: ð27Þ

According to (23), define

FðxÞ :¼

Z x

0

sðx, yÞ�ð yÞC dyþ

Z x

0

sðx, yÞCA dy

þ

Z x

0

kðx, yÞC dyþ d

Z x

0

sðx, yÞC dy,

we have

M00ðxÞ ¼MðxÞðA2 þ dAþ cInÞ þ FðxÞ � hðxÞC,

Mð0Þ ¼ 0,

M0ð0Þ ¼ K,

8><
>:

ð28Þ

then,

Y0ðxÞ ¼ YðxÞLðxÞ þ ð0, ~FðxÞÞ,

Yð0Þ ¼ Y0 :¼ ð0,KÞ,

(
ð29Þ

where

LðxÞ ¼
0 ðA2 þ dAþ cInÞ

In 0

� �
,

Y¼ (M(x), M0(x)) and ~FðxÞ :¼ FðxÞ � hðxÞC. Set �(x)
be fundamental solution matrix for homogeneous
equation �0(x)¼�(x)L(x), then,

YðxÞ ¼ ðMðxÞ,M0ðxÞÞ ¼ ð0,KÞ�ðxÞ

þ

Z x

0

ð0, ~Fð�ÞÞ�ðxÞ��1ð�Þd�,

¼ ð0,KÞ
�11ðxÞ �12ðxÞ

�21ðxÞ �22ðxÞ

� �

þ

Z x

0

ð0, ~Fð�ÞÞ
�11ðx, �Þ �12ðx, �Þ

�21ðx, �Þ �22ðx, �Þ

� �
d�, ð30Þ

where we used the fact that the determinant of matrix
�(x) and ��1(x) is non zero and every element of
matrix �(x) is continuous and differentiable, at the
same time, we divided matrix �(x) and �(x)��1(�)
into appropriate block matrix. Hence, we obtain

M0ðxÞ ¼ K�22ðxÞ þ

Z x

0

~Fð�Þ�22ðx, �Þd�:

Thus,

MðxÞ ¼

Z x

0

K�22ð yÞdyþ

Z x

0

Z y

0

~Fð�Þ�22ð y, �Þd� dy:

ð31Þ

Substituting M(x) into (26) and (27), we obtain

Gð�, �Þ ¼ g1ð�Þ þ

Z �

0

sð�, yÞCB dy� �ð0ÞMð�ÞB

þMð�ÞAB� g1ð�Þ

þ

Z �

�

Z �

0

b2ð�, sÞGð�, sÞds d�

þ

Z �

�

Z �

0

b1ð�, sÞðG
s
�� � 2Gs

�� þ Gs
��Þds d�

þ

Z �

�

Z �

0

½b3ð�, sÞG
s,n þ b4ð�, sÞðG

s
� � Gs

�Þ�ds d�

¼ g1ð�Þ þ

Z �

0

sð�, yÞCB dy

� �ð0Þ

	 Z �

0

K�22ð yÞdyþ

Z �

0

Z y

0

ðFð�Þ

� hð�ÞCÞ�22ð y, �Þd� dy

�
B
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þ

	Z �

0

K�22ð yÞdyþ

Z �

0

Z y

0

ðFð�Þ

� hð�ÞCÞ�22ð y, �Þd� dy

�
AB� g1ð�Þ

þ

Z �

�

Z �

0

b2ð�, sÞGð�, sÞds d�

þ

Z �

�

Z �

0

b1ð�, sÞðG
s
�� � 2Gs

�� þ Gs
��Þds d�

þ

Z �

�

Z �

0

½b3ð�, sÞG
s þ b4ð�, sÞðG

s
� � Gs

�Þ�ds d�

¼ g1ð�Þ � �ð0Þ

	 Z �

0

K�22ð yÞdy

þ

Z �

0

Z y

0

ð�hð�ÞÞC�22ð y, �Þd� dy

�
B

þ

	Z �

0

K�22ð yÞdyþ

Z �

0

Z y

0

ð�hð�ÞCÞ

��22ð y, �Þd� dy

�
AB� g1ð�Þ

þ

Z �

0

sð�, yÞCB dy

� �ð0Þ

	Z �

0

Z y

0

Fð�Þ�22ð y, �Þd� dy

�
B

þ

	Z �

0

Z y

0

Fð�Þ�22ð y, �Þd� dy

�
AB

þ

Z �

�

Z �

0

b2ð�, sÞGð�, sÞds d�

þ

Z �

�

Z �

0

b1ð�, sÞðG
s
�� � 2Gs

�� þ Gs
��Þds d�

þ

Z �

�

Z �

0

½b3G
s þ b4ðG

s
� � Gs

�Þ�ds d� ð32Þ

and

Gsð�, �Þ ¼ g2ð�Þ þMð�ÞB� g2ð�Þ

þ

Z �

�

Z �

0

½b1ð�, sÞGð�, sÞ þ b5ð�, sÞG
sð�, sÞ�ds d�

¼ g2ð�Þ þ

	Z �

0

K�22ð yÞdyþ

Z �

0

Z y

0

ðFð�Þ

� hð�ÞCÞ�22ð y, �Þd� dy

�
B

� g2ð�Þ þ

Z �

�

Z �

0

½b1Gð�, sÞ þ b5G
sð�, sÞ�ds d�

¼ g2ð�Þ þ

	Z �

0

K�22ð yÞdy

þ

Z �

0

Z y

0

ð�hð�ÞCÞ�22ð y, �Þd� dy

�
B� g2ð�Þ

þ

	 Z �

0

Z y

0

Fð�Þ�22ð y, �Þd� dy

�
B

þ

Z �

�

Z �

0

½b1Gð�, sÞ þ b5G
sð�, sÞ�ds d�: ð33Þ

We use a classical iterative method to prove coupled

integral equations (32) and (33) have a unique classical

solution. We define G0(�, �) and Gs,0(�, �) as

G0ð�,�Þ :¼g1ð�Þ��ð0Þ

	Z �

0

K�22ðyÞdy

þ

Z �

0

Z y

0

ð�hð�ÞÞC�22ðy,�Þd�dy

�
B

þ

	Z �

0

K�22ðyÞdy

þ

Z �

0

Z y

0

ð�hð�ÞCÞ�22ðy,�Þd�dy

�
AB�g1ð�Þ,

Gs,0ð�, �Þ :¼ g2ð�Þ þ

	 Z �

0

K�22ð yÞ dy

þ

Z �

0

Z y

0

ð�hð�ÞCÞ�22ð y, �Þd� dy

�
B� g2ð�Þ:

We next construct the following recursion for

n¼ 0, 1, 2, 3, . . .

Gnþ1ð�,�Þ ¼

Z �

0

Gs,nð�þy,��yÞCBdy

��ð0Þ

	Z �

0

Z y

0

Fnð�Þ�22ðy,�Þd�dy

�
B

þ

	Z �

0

Z y

0

Fnð�Þ�22ðy,�Þd�dy

�
AB

þ

Z �

�

Z �

0

b2ð�,sÞG
nð�,sÞdsd�

þ

Z �

�

Z �

0

b1ð�,sÞðG
s,n
�� �2Gs,n

�� þGs,n
�� Þdsd�

þ

Z �

�

Z �

0

½b3ð�,sÞG
s,nþb4ð�,sÞðG

s,n
� �Gs,n

� Þ�dsd�

ð34Þ

and

Gs,nþ1ð�, �Þ ¼

�Z �

0

Z y

0

Fnð�Þ�22ð y, �Þd� dy

�
B

þ

Z �

�

Z �

0

½b1G
n þ b5G

s,n�ds d�, ð35Þ

where

Fnð�Þ ¼

Z �

0

Gs,nð� þ y, � � yÞ�ð yÞCdy

þ

Z �

0

Gs,nð� þ y, � � yÞCA dy

þ

Z �

0

Gnð� þ y, � � yÞC dy

þ d

Z �

0

Gs,nð� þ y, � � yÞC dy:
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By the definition of G0(�, �) and Gs,0(�, �), we choose

number M large enough such that

jGs,0ð�, �Þj � k g02kL1j� þ �j þ
K�22ð yÞ

þ

Z y

0

ð�hð�ÞCÞ�22ð y, �Þd�

L1
kBkj�j

�Mj� þ �j,

jG0ð�, �Þj �M,

jG0
� ð�, �Þj ¼ j g

0
1ð�Þj � k g

0
1kL1 � k g

0
1kL1ð� þ �Þð� þ �Þ

�1

� 4k g01kL1ð� þ �Þ
�1
�Mð� þ �Þ�1,

jG0
�ð�, �Þj �Mð� þ �Þ�1,

jGs,0
� ð�, �Þj, jG

s,0
� ð�, �Þj �M,

jGs,0
�� ð�, �Þj, jG

s,0
�� ð�, �Þj, jG

s,0
�� ð�, �Þj �Mð� þ �Þ�1:

Supposing that for some n2N, we have

jGnð�, �Þj �MNn ð� þ �Þ
n

n!
,

jGs,nð�, �Þj �MNn ð� þ �Þ
nþ1

ðnþ 1Þ!
,

jGn
� ð�, �Þj, jG

n
�ð�, �Þj �MNn ð� þ �Þ

n�1

ðn� 1Þ!
,

jGs,n
� ð�, �Þj, jG

s,n
� ð�, �Þj �MNn ð� þ �Þ

n

n!
,

jGs,n
�� ð�, �Þj, jG

s,n
�� ð�, �Þj, jG

s,n
�� ð�, �Þj �MNn ð� þ �Þ

n�1

ðn� 1Þ!
:

ð36Þ

where N chosen later. Next, we prove that (36) holds

for nþ 1. By the expression of Fn(�) and (36), there

exists a constant � large enough which change line to

line, such that

jFnð�Þj �MNn ð2�Þ
nþ1

ðnþ 1Þ!
ðk�ð�ÞCkL1 þ kCAkÞ�

þMNn ð2�Þ
n

n!
ðkd ð�ÞkL1kCk þ kCkÞ�

�MNn ð2�Þ
n

n!

�
k�ð�ÞCkL1 þ kCAk

þ kd ð�ÞkL1kCk þ kCk
�
�

� �MNn ð2�Þ
n

n!
: ð37Þ

According to (35), we have

jGs,nþ1ð�, �Þj �

Z �

0

Z y

0

�MNn ð2�Þ
n

n!
d� dy

þ kb1kL1

Z �

�

Z �

0

jGnð�, sÞjds d�

þ kb5kL1

Z �

�

Z �

0

jGs,nð�, sÞjds d�

�

Z �

0

Z y

0

�MNn ð2�Þ
n

n!
d� dy

þ �MNn

Z �

�

Z �

0

ð� þ sÞn

n!
ds d�

� �MNn ð2�Þ
nþ2

ðnþ 2Þ!
þ �

MNn

ðnþ 1Þ!

�

Z �

�

ð� þ �Þnþ1 � �nþ1
� �

d�

� �MNn ð� þ �Þ
nþ2

ðnþ 2Þ!
þ �MNn ð� þ �Þ

nþ2

ðnþ 2Þ!

�MNnþ1 ð� þ �Þ
nþ2

ðnþ 2Þ!
, ð38Þ

where N chosen large enough. Next, we estimate

jGnþ1(�, �)j. By (34) and (36), we obtainZ �

0

Gs,nð�þ y, �� yÞCBdy � �MNn ð2�Þ
nþ1

ðnþ 1Þ!

� �MNn ð� þ �Þ
nþ1

ðnþ 1Þ!
,

jGnþ1ð�,�Þj ��MNn ð�þ�Þ
nþ1

ðnþ1Þ!
þ

Z �

0

Z y

0

2�MNn ð2�Þ
n

n!
d�dy

þkb2kL1

Z �

�

Z �

0

jGnð�,sÞjdsd�

þkb3kL1

Z �

�

Z �

0

jGs,nð�,sÞjdsd�

þkb1kL1

Z �

�

Z �

0

ðjGs,n
�� jþ2jGs,n

�� jþ jG
s,n
�� jÞdsd�

þkb4kL1

Z �

�

Z �

0

ðjGs,n
� jþ jG

s,n
� jÞdsd�

��MNn ð�þ�Þ
nþ1

ðnþ1Þ!
þ�MNn

Z �

�

Z �

0

ð�þ sÞn

n!
dsd�

þ�MNn

Z �

�

Z �

0

ð�þ sÞn�1

ðn�1Þ!
dsd�

�MNnþ1 ð�þ�Þ
nþ1

ðnþ1Þ!
, ð39Þ

where N chosen large enough and greater than �. In a

very similar way, we obtain

jGnþ1
� ð�,�Þj, jG

nþ1
� ð�,�Þj �MNnþ1 ð�þ�Þ

n

n!
,

jGs,nþ1
� ð�,�Þj, jGs,nþ1

� ð�,�Þj �MNnþ1 ð�þ�Þ
nþ1

ðnþ1Þ!
,

jGs,nþ1
�� ð�,�Þj, jG

s,nþ1
�� ð�,�Þj, jG

s,nþ1
�� ð�,�Þj �MNnþ1 ð�þ�Þ

n

n!
:

ð40Þ

Thus, by induction we have proved that (36) holds with

N large enough only depending on the norm of some
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known functions. Once the estimates (36) are proved, it
follows that the solutions (26) and (27) are given by the
series

Gsð�, �Þ ¼
X1
n¼0

Gs,nð�, �Þ, Gð�, �Þ ¼
X1
n¼0

Gnð�, �Þ,

which are two continuous functions. By the fact
bi(�, �)(i¼ 1, 2, 3, 4, 5) be continuous functions, we
obtain that G(�, �), Gs(�, �) and M(�) are C2 functions
in terms of (24), (25) and (31). Hence, we obtain the
following existence theorem of kernels k(�, �), s(�, �)
and M(�).

Theorem 3.1: Let �(�)2C2([0, 1]), �(�)2C([0, 1]),
c4 0, d4 0, hence, Equations (21), (22) and (23) have
unique classical solutions M(�)2C2([0, 1]), k(�, �) and
s(�, �)2C2(T).

4. Inverse transformation

Next, we show transformation (2) is invertible and
inverse transformation defined as

uðx, tÞ ¼ gðxÞwðx, tÞ þ

Z x

0

l ðx, yÞwð y, tÞdy

þ

Z x

0

nðx, yÞwtð y, tÞdyþNðxÞXðtÞ, ð41Þ

where kernels l(x, y), n(x, y), g(x) and N(x) will be
chosen followed the similar procedure in Section 3.
According to (4) and (41), we have

uttðx, tÞ

¼ gðxÞwttðx,tÞþ

Z x

0

lðx,yÞwttðy,tÞdy

þ

Z x

0

nðx,yÞwtttðy,tÞdyþNðxÞX00ðtÞ

¼ gðxÞð�dwtðx,tÞ� cwðx,tÞþwxxðx,tÞÞ

þ

n
l ðx,xÞwxðx, tÞ� lðx,0Þwxð0, tÞ� lyðx,xÞwðx, tÞ

þ

Z x

0

lyyðx,yÞwðy,tÞdy
o

�d

Z x

0

lðx,yÞwtðy,tÞdy� c

Z x

0

lðx,yÞwðy,tÞdy

þ

n
nðx,xÞwxtðx,tÞ�nðx,0Þwxtð0, tÞ�nyðx,xÞwtðx,tÞ

þ

Z x

0

nyyðx,yÞwtðy,tÞdy
o

� c

Z x

0

nðx,yÞwtðy,tÞdy�d

Z x

0

nðx,yÞð�cwðy, tÞ

�dwtðy,tÞÞdy

�d
n
nðx,xÞwxðx,tÞ�nðx,0Þwxð0, tÞ�nyðx,xÞwðx,tÞ

þ

Z x

0

nyyðx,yÞwðy,tÞdy
o

þNðxÞðAþBKÞ2XðtÞþNðxÞðAþBKÞBwxð0, tÞ

þNðxÞBwxtð0, tÞ: ð42Þ

According to (41), we have

�ðuxxþ�ðxÞutþ�ðxÞuþCXðtÞÞ

¼�

	
g00ðxÞwþ2g0ðxÞwxþgðxÞwxx

þ
d

dx
lðx,xÞwþ lðx,xÞwx

þ

Z x

0

lxxðx,yÞwðy,tÞdyþ lxðx,xÞwðx,tÞ

þ
d

dx
nðx,xÞwtþnðx,xÞwxtðx, tÞ

þ

Z x

0

nxxðx,yÞwtðy,tÞdyþnxðx,xÞwtðx,tÞþN00ðxÞXðtÞ

�

��ðxÞ

	
gðxÞwtðx,tÞþ

Z x

0

lðx,yÞwtðy, tÞdy

þNðxÞððAþBKÞXðtÞþBwxð0, tÞÞ

þ

Z x

0

nðx,yÞð�dwtðy, tÞ� cwðy,tÞÞdy

þnðx,xÞwxðx, tÞ�nyðx,xÞwðx,tÞ

�nðx,0Þwxð0, tÞþ

Z x

0

nyyðx,yÞwðy,tÞdy

�

��ðxÞ

	
gðxÞwðx, tÞþ

Z x

0

lðx,yÞwðy, tÞdy

þ

Z x

0

nðx,yÞwtðy,tÞdyþNðxÞXðtÞ

�
�CXðtÞ: ð43Þ

By utt� uxx� �(x)ut� �(x)u�CX(t)¼ 0, (42) and (43),

after rearranging the terms, we obtain

0 ¼
�
NðxÞðAþ BKÞ2 �N00ðxÞ � �ðxÞNðxÞðAþ BKÞ

� �ðxÞNðxÞ � C
�
XðtÞ

þ

Z x

0

wð y, tÞ
n
�lxx þ lyy � cl ðx, yÞ

þ cdnðx, yÞ þ dnyyðx, yÞ

þ c�ðxÞnðx, yÞ � �ðxÞnyyðx, yÞ � �ðxÞl ðx, yÞ
o
dy

þ

Z x

0

wtð y, tÞ
n
�nxx þ nyy � dl ðx, yÞ � cnðx, yÞ

þ d2nðx, yÞ � �ðxÞl ðx, yÞ

þ d�ðxÞnðx, yÞ � �ðxÞnðx, yÞ
o
dy

þ

n
�cgðxÞ � lyðx, xÞ þ dnyðx, xÞ

� g00ðxÞ �
d

dx
l ðx, xÞ � lxðx, xÞ

þ �ðxÞnyðx, xÞ � �ðxÞ gðxÞ
o
wðx, tÞ

þ

n
�dgðxÞ � nyðx, xÞ �

d

dx
nðx, xÞ

� nxðx, xÞ � �ðxÞ gðxÞ
o
wtðx, tÞ
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þ

n
l ðx, xÞ � dnðx, xÞ � 2g0ðxÞ � l ðx, xÞ

� �ðxÞnðx, xÞ
o
wxðx, tÞ

þ

n
dnðx, 0Þ þNðxÞðAþ BKÞB� �ðxÞNðxÞB

þ �ðxÞnðx, 0Þ � l ðx, 0Þ
o
wxð0, tÞ

þ

n
NðxÞB� nðx, 0Þ

o
wxtð0, tÞ: ð44Þ

Next, we choose l(x, y), n(x, y) and N(x) to satisfy
coupled PDEs

lxxðx, yÞ � lyyðx, yÞ ¼ �ð�ðxÞ þ cÞl ðx, yÞ

þ cð�ðxÞ þ d Þnðx, yÞ

þ ð��ðxÞ þ d Þnyyðx, yÞ

2
d

dx
l ðx, xÞ ¼ �g00ðxÞ � ð�ðxÞ þ cÞ gðxÞ

þ ð�ðxÞ þ d Þnyðx, xÞ,

l ðx, 0Þ ¼ NðxÞBdþNðxÞðAþ BKÞB,

8>>>>>>>>>><
>>>>>>>>>>:

ð45Þ

nxxðx, yÞ � nyyðx, yÞ ¼ �ð�ðxÞ þ d Þl ðx,yÞ

þðd�ðxÞ � �ðxÞ þ d2 � cÞnðx, yÞ,

2
d

dx
nðx,xÞ ¼ �ð�ðxÞ þ d Þ gðxÞ,

ð�ðxÞ þ d Þnðx,xÞ ¼ �2g0ðxÞ,

nðx, 0Þ ¼ NðxÞB

8>>>>>>><
>>>>>>>:

ð46Þ

and

N00ðxÞ ¼ NðxÞðAþ BKÞ2 � �ðxÞNðxÞðAþ BKÞ

� �ðxÞNðxÞ � C: ð47Þ

By the similar procedure in Section 3, Choosing
g(0)¼ 1, according to (1) and (41), we obtain
N(0)¼ 0 and N0(0)¼K. Then, N(x) satisfy

N00ðxÞ ¼ NðxÞðAþ BKÞ2 � �ðxÞNðxÞðAþ BKÞ

��ðxÞNðxÞ � C,

Nð0Þ ¼ 0,

N0ð0Þ ¼ K:

8>>><
>>>:

ð48Þ

Obviously, Equation (48) have a unique classical
solution. By the second and third equation of (46),
we obtain gðxÞ ¼ cosh

� R x
0 bð�Þd�

�
, where b(x) is

defined by bðxÞ :¼ �ðxÞþd
2 . Because Equations (45) and

(46) are very similar with Equations (21) and (22), by
the similar proof procedure, we obtain the following
theorem which shows the existence of the kernels l(�, �),
n(�, �) and N(�) in inverse transformation (41).

Theorem 4.1: Let �(�)2C2([0, 1]), �(�)2C([0, 1]),
c4 0, d4 0, hence, Equations (45), (46) and (48) have
unique classical solutions N(�)2C2([0, 1]), l(�, �) and
n(�, �)2C2(T).

5. Proof of Theorem 2.1

We give the exponential stability of object system (4) in

the following lemma.

Lemma 5.1: For c4 0, d4 0, AþBK be Hurwitz,

there exists !, 	4 0 such that for any ðw0ð�Þ,

w1ð�Þ, x0Þ 2 H1
0ð0, 1Þ � L2ð0, 1Þ �R

n, the solution of (4)

satisfies

kðwð�, tÞ,wtð�, tÞ,XðtÞÞkH1
0
ð0, 1Þ�L2ð0, 1Þ�R

n

� 	e�!tkðw0ð�Þ,w1ð�Þ,x0ÞkH1
0
ð0, 1Þ�L2ð0, 1Þ�R

n : ð49Þ

Proof: For equation w in (4), Smyshlyaev, Cerpa, and

Krstic (2010) and Cox and Zuazua (1994) have proved

kðwð�, tÞ,wtð�, tÞÞkH1
0
ð0,1Þ�L2ð0,1Þ

� 
e��tkðw0ð�Þ,w1ð�ÞÞkH1
0
ð0,1Þ�L2ð0,1Þ, 9�,
40, 8t40:

In X0(t)¼ (AþBK)X(t)þBwx(0, t), we cannot under-

stand the term wx(0, t) in the sense of trace, because

w(�, t)2H1(0, 1), it is meaningless for wx(0, t). In fact,

wx(0, t) is square integrable, which is known as ‘hidden’

regularity of wave equation (Lasiecka, Lions, and

Triggiani 1986). Here, we can explain it by spectral

approach. Because the functions f
ffiffiffi
2
p

sinðk�xÞgk2N
form a normal orthogonal basis of L2(0, 1),

f
ffiffi
2
p

k� sinðk�xÞgk2N form a normal orthogonal basis of

H1
0ð0, 1Þ, we can expand w0(x) and w1(x) with

w0ðxÞ ¼
X
k2N

wk
0

ffiffiffi
2
p

k�
sinðk�xÞ, w1ðxÞ ¼

X
k2N

wk
1

ffiffiffi
2
p

sinðk�xÞ,

where expansion coefficients fwk
0gk2N, fw

k
1gk2N satisfy

kw0kH1
0
ð0, 1Þ ¼

�X
k2N

jwk
0j
2

�1
2

, kw1kL2ð0, 1Þ ¼

�X
k2N

jwk
1j

2

�1
2

,

In system (4), we can obtain the solution

wðx, tÞ ¼
X
k2N

e�dt
	
wk
0 cosðktÞ þ

�
wk
1 þ

dwk
0

k�

�
sinðktÞ

�

�

ffiffiffi
2
p

k�
sinðk�xÞ

with k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2�2 þ c
p

. Then

wxð0,tÞ ¼
ffiffiffi
2
p X

k2N

e�dt
	
wk
0 cosðktÞþ

�
wk
1þ

dwk
0

k�

�
sinðktÞ

�
,

ð50Þ

obviously, wx(0, t) is exponential decay. According to

(50), AþBK be Hurwitz and the second equation

of (4), we know X(t) is exponential decay.
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Therefore, there exists !, 	4 0 such that the solution
of (4) satisfies

kðwð�, tÞ,wtð�, tÞ,XðtÞÞkH1
0
ð0, 1Þ�L2ð0, 1Þ�R

n

� 	e�!tkðw0ð�Þ,w1ð�Þ,x0ÞkH1
0
ð0, 1Þ�L2ð0, 1Þ�R

n ,

which end the proof of Lemma 5.1.

Proof of Theorem 2.1: According to backstepping
transformation (2) and system (4), setting x¼ 1, we
obtain

UðtÞ ¼
1

hð1Þ

	Z 1

0

kð1, yÞuð y, tÞdyþ

Z 1

0

sð1, yÞutð y, tÞdy

þMð1ÞXðtÞ

�
,

Under this controller, the solution of closed-loop
system lies in the space Cð½0, þ1Þ;H1

Lð0, 1ÞÞ \
C1ð½0, þ1Þ;L2ð0, 1ÞÞ � C1ð½0, þ1ÞÞ by standard
arguments of operator semigroup theory. At the
same time, under this controller, according to
Lemma 5.1 and

kðuð�, tÞ, utð�, tÞ,XðtÞÞkH1ð0,1Þ�L2ð0, 1Þ�R
n

� �kðwð�, tÞ,wtð�, tÞ,XðtÞÞkH1ð0,1Þ�L2ð0, 1Þ�R
n , 9�4 0,

in inverse transformation (41), we know the closed-
loop system is exponentially stable in the sense of the
norm�Z 1

0

u2ðx,tÞdxþ

Z 1

0

u2xðx,tÞdxþ

Z 1

0

u2t ðx,tÞdxþkXðtÞk
2

�1
2

,

which finish the proof of Theorem 2.1.

6. Further discussion

In future work, there are several extensions of the
results in this article to pursue. Firstly, one would like
to consider the stabilization of coupled wave-ODE
system with Neumann boundary condition and general
space memory kernel, from the design procedure
presented in this article, it is clear that an extension
to coupled wave-ODE system with Neumann bound-
ary condition and general space memory kernel may
not pose any difficulties. Secondly, one would consider
the stabilization of coupled Schrödinger-ODE system,
Euler Bernoulli-beam-ODE system or other coupled
PDEs system. Finally, eliminating variable X(t) in (1),
we obtain wave equation

uttðx,tÞ�uxxðx,tÞ ¼ �ðxÞutðx,tÞþ�ðxÞuðx,tÞ

þC
�
x0e

Atþ

Z t

0

eAðt��ÞBuxð0,�Þd�
�
,

uð0, tÞ ¼ 0, uð1, tÞ ¼UðtÞ,

uðx,0Þ¼ u0ðxÞ, utðx,0Þ ¼ u1ðxÞ

8>>>>><
>>>>>:

with a very especial time memory kernel eA(t��)B and
inhomogeneous term Cx0e

At, this system can be
exponentially stabilized by boundary control shown
in Theorem 2.1, however, the more important and
interesting problem is the stabilization of wave and
heat equation with general time memory kernel and
inhomogeneous term which have mentioned in Ivanov
and Pandolfi (2009), Pandolfi (2009) and the references
therein, as far as we know, the stabilization controller
design method in this article does not carry over
trivially from space memory system to time memory
system which maybe involve some new ideas.
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